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ABSTRACT
E x p e r im e n ta l ly  i t  i s  o b s e rv e d  t h a t  t h e  p la sm a  i n  Elmo Bumpy 
T o ru s (EBT) show s d is c o n t in u o u s  ch a n g es  i n  t h e  e l e c t r o n  l i n e  d e n s i t y ,  
e l e c t r o n  an d  io n  t e m p e r a tu r e s  an d  f l u c t u a t i o n  l e v e l s  a s  th e  am b ien t 
g as  p r e s s u r e  o r  e l e c t r o n  c y c lo t r o n  h e a t i n g  i s  v a r i e d  c o n t in u o u s ly .
We u se  t h e  P o in t  M odel o f  H e d r ic k  e t  a l .  f o r  t h e  t o r o i d a l  c o re  p la sm a  
i n  EBT. The P o in t  M odel i s  n o t  a  g r a d ie n t  dynam ic sy s te m . H ence th e  
E le m e n ta ry  C a ta s t ro p h e  T h eo ry  i s  n o t  d i r e c t l y  a p p l i c a b l e  t o  t h e  P o in t  
M odel. N o n e th e le s s ,  t h e  P o in t  Model e q u i l i b r i a  w i l l  b e  shown t o  ex ­
h i b i t  p r o p e r t i e s  w h ich  a r e  q u i t e  a k in  t o  t h e  c a n o n ic a l  cu sp  c a ta s t r o p h e .  
The a m b ip o la r  e l e c t r i c  f i e l d  i s  t a k e n  a s  a  c o n t r o l  p a r a m e te r .  When 
e l e c t r o n s  a r e  n o n r e s o n a n t ,  t h e  e q u i l ib r iu m  s u r f a c e s  show o n ly  one f o l d ;  
b u t  when io n s  a r e  n o n r e s o n a n t , e q u i l i b r iu m  s u r f a c e s  may show s i n g l e  o r  
m u l t i p l e  f o l d s .  I n  th e  fo rm e r ( e l e c t r o n )  c a s e ,  q u a l i t a t i v e  ag reem en t 
w i th  e x p e r im e n ts  i s  q u i t e  good . F o r  t h e  c a s e  o f  n o n re s o n a n t  i o n s ,  p r e ­
d i c t i o n s  a r e  made a s  t o  t h e  p o s s i b l e  plasm s, b e h a v io r  w h ic h , when ICRH 
h e a t in g  i s  s u f f i c i e n t l y  i n t e n s e ,  may b e  ch e ck ed  b y  e x p e r im e n ts .  The 
n o n l i n e a r  t im e  e v o lu t io n  o f  t h e  P o in t  Model e q u a t io n s  show t h a t  th e  
p la sm a  fo l lo w s  th e  D e lay  C o n v e n tio n . T h is  s im p le  m odel o f  th e  EBT p la sm a  
e x h i b i t s  r i c h  s t r u c t u r e ,  i . e . ,  e q u i l ib r iu m  s u r f a c e s  w i th  s i n g l e  o r  m ul­
t i p l e  f o l d s ,  a t t r a c t o r s ,  r e p e l l o r s ,  a p p e a ra n c e  an d  d is a p p e a ra n c e  o f  
f o l d s ,  r e v e r s a l  o f  d i r e c t i o n  on e q u i l i b r iu m  t r a j e c t o r i e s ,  c a t a s t r o p h e s ,  
h y s t e r i s i s ,  c o m p e t i t io n  b e tw een  m u l t i p l e  p o in t  a t t r a c t o r s ,  an d  b a s in s  
o f  a t t r a c t o r s .  T h is  l e a d s  u s  t o  c o n c lu d e  t h a t  a  s im p le  m odel o f  p h y s i ­
c a l  sy s tem s  g o v e rn e d  b y  e x t e r n a l  p a r a m e te r s  can  u n r a v e l  g e n e r a l ,  com­
p l i c a t e d  q u a l i t a t i v e  b e h a v io r  o f  t h e  sy s te m .
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CATASTROPHES IN ELMO BUMPY TORUS
I . INTRODUCTION
Elmo Bumpy T orus (EBT) i s  one  o f  t h e  a l t e r n a t i v e  c o n c e p ts  i n  
t h e  p ro g ram  f o r  a c h ie v in g  c o n t r o l l e d  th e rm o n u c le a r  r e a c t i o n .  The d i s ­
t i n g u i s h i n g  f e a t u r e  o f  th e  Elmo Bumpy T orus i s  t h a t  i t  i s  a  s te a d y  s t a t e  
d e v ic e .  An im p o r ta n t  o b s e r v a t io n  i n  t h e  EBT e x p e r im e n ts  i s  t h a t  t h e  p lasm a 
i n  EBT show s a b r u p t  ch an g es  i n  th e  p la sm a  d e n s i t y ,  e l e c t r o n  an d  io n  tem ­
p e r a t u r e s  an d  f l u c t u a t i o n  l e v e l s  i n  t h e  p la sm a  d e n s i ty  a s  t h e  e x p e r im e n ta l  
p a r a m e te r s  o f  am b ien t g as p r e s s u r e  o r  m icrow ave pow er f o r  e l e c t r o n  c y c lo ­
t r o n  h e a t i n g  a r e  v a r i e d  sm o o th ly . I n  C h a p te r  I I ,  we d e s c r ib e  t h e s e  ex ­
p e r im e n ta l  o b s e r v a t io n s  i n  d e t a i l  an d  a l s o  d i s c u s s  th e  p la sm a  co n f in e m e n t 
p r o p e r t i e s  o f  EBT. The m a th e m a tic a l  t h e o r y  w h ich  d e a ls  w ith  su ch  d i s ­
c o n t in u o u s  ch an g es  i n  t h e  p r o p e r t i e s  o f  a  sy s te m  when th e  p a ra m e te rs  a r e  
ch an g ed  sm o o th ly  i s  c a ta s t r o p h e  t h e o r y .  In  C h a p te r  I I I ,  we d i s c u s s  
c a ta s t r o p h e  th e o r y  an d  i l l u s t r a t e  i t s  u se  b y  a p p ly in g  i t  t o  some sy s te m s . 
A ls o ,  we show how th e  th e o r y  a t te m p ts  t o  d e a l  w i th  e v o lu t io n  o f  sy s te m  in  
t im e  a s  t h e  p a r a m e te r s  a r e  ch an g ed . I n  C h a p te r  IV , we s e t  up th e  p o in t  
m odel f o r  t h e  t o r o i d a l  c o re  p la sm a  i n  EBT. P o in t  m odel e q u a t io n s  a r e  th e  
c o n s e r v a t io n  law s f o r  p a r t i c l e s  an d  e n e rg y . They a r e  t h e  s im p le s t  way o f  
d e s c r ib in g  p la sm a  b e h a v io r  i n  EBT. S in c e  p o in t  m odel c a n n o t h a n d le  
v e l o c i t y  d ep e n d en t p r o c e s s e s ,  we ch o o se  t o  u s e  d i f f u s i o n  c o e f f i c i e n t s  f o r  
p a r t i c l e s  w hose d i f f u s i o n  does n o t  dep en d s upon v e l o c i t y  s p a c e  c o o r d in a te s  
( t h e  so  c a l l e d  n o n re s o n a n t  p a r t i c l e s ) .  To t h i s  e n d , we show t h a t  when
2
3t h e  a m b ip o la r  e l e c t r o s t a t i c  p o t e n t i a l  <j> i s  n e g a t i v e ,  a l l  e l e c t r o n s  a r e  
n o n re s o n a n t ,  w h i le  some io n s  a r e  r e s o n a n t  an d  m ost io n s  a r e  n o n re s o n a n t .  
When £  >  0 ,  a l l  io n s  a r e  n o n r e s o n a n t ,  some e l e c t r o n s  a r e  r e s o n a n t  and  
m ost e l e c t r o n s  a r e  n o n re s o n a n t .
I n  C h a p te r  V, we s o lv e  p o in t  m odel e q u a t io n s  f o r  n o n re s o n a n t  
e l e c t r o n s  w i th  e f / T a s  a  p a r a m e te r .  We o b ta in  e q u i l ib r iu m  s o l u t io n s  
i n  tw o c a s e s ,  ( i )  when io n  c y c lo t r o n  re s o n a n c e  h e a t in g  i s  a b s e n t ,  an d  
( i i )  when i t  i s  p r e s e n t .  F o r th e  e q u i l ib r iu m  s o l u t io n s  o b ta in e d  i n  c a s e  
( i ) ,  we s e e  t h a t  t h e  q u a l i t a t i v e  ag reem en t w ith  e x p e r im e n ts  i s  q u i t e  good. 
We a n a ly z e  e q u i l i b r iu m  s o l u t io n s  i n  d e t a i l  and  d i s c u s s  t h e i r  p e c u l i a r i t i e s .  
A ls o ,  we s t a t e  t h e  i m p l i c a t io n s  o f  th e s e  r e s u l t s  f o r  th e  e x p e r i m e n t a l i s t s .
In  C h a p te r  V I, we r e p e a t  th e  same f o r  p o in t  m odel e q u a t io n s  
w ith  n o n re s o n a n t  i o n s .  I n  t h i s  c a s e ,  we s e e  t h a t  to p o lo g y  o f  e q u i l i b r i a  
h av e  r i c h  s t r u c t u r e .
I n  C h a p te r  V I I ,  we s o lv e  t h e  t im e  d ep e n d en t n o n l in e a r  p o in t  
m odel e q u a t io n s .  A num ber o f  i n t e r e s t i n g  f e a t u r e s  em erg e ; e . g .  c o m p e t i t io n  
b e tw een  a t t r a c t o r s  and  c r i t i c a l  depen d en ce  o f  f i n a l  s t a t e  on i n i t i a l  s t a t e ;  
w h ich  can  h av e  s e r io u s  co n se q u en ce s  f o r  e x p e r im e n ts .
C h a p te r  V I I I  sum m arizes t h e  r e s u l t s  a n d  s t a t e s  t h e  c o n c lu s io n s  
o f  t h i s  r e s e a r c h  w ork .
I I .  ELMO BUMPY TORUS
A. EBT -  a  c o n t r o l l e d  n u c l e a r  f u s io n  d e v ic e
F o r  20 y e a r s  e x p e r im e n ts  h av e  shown t h a t  e l e c t r o n  c y c lo t r o n  
h e a t i n g  (ECH) i s  an  e f f i c i e n t  an d  r e l i a b l e  te c h n iq u e  f o r  c r e a t i n g  and s u s ­
t a i n i n g  e n e r g e t i c  p la s m a s . ECH e x p e r im e n ts  w ere  c o n d u c te d  i n  b o th  s im p le  
an d  minimum B m i r r o r  g e o m e tr ie s .  The minimum B e x p e r im e n ts  w ere  d i r e c t e d  
to w a rd s  p ro v id in g  a  t a r g e t  p la sm a  o f  s u f f i c i e n t  q u a l i t y  ( i . e .  p la sm a  w ith  
s u f f i c i e n t l y  h ig h  v a lu e  o f  t h e  r a t i o  ne / n Q w here n g i s  num ber d e n s i ty  o f  
c h a rg e d  p a r t i c l e s  an d  n^ i s  num ber d e n s i ty  o f  n e u t r a l s )  f o r  e f f e c t i v e  
n e u t r a l  i n j e c t i o n ,  an d  th e  s im p le  m i r r o r  e x p e r im e n ts  w ere  d i r e c t e d  to w a rd s  
g a in in g  a  g e n e r a l  u n d e r s ta n d in g  o f  h e a t i n g ,  e q u i l i b r iu m  and s t a b i l i t y  i n  
h o t  e l e c t r o n  p la s m a s . At Oak R idge N a tio n a l  L a b o ra to ry  (ORNL), ECH ex­
p e r im e n ts  w ere  done i n  t h e  ELMO d e v ic e  w hich  h a d  t h e  m a g n e tic  f i e l d  con­
f i g u r a t i o n  o f  a  s im p le  m i r r o r .  I n  1 9 6 7 , R. A. D andl an d  co w o rk e rs1 
showed t h a t  t h e  p la sm a  i n  t h e  ELMO d e v ic e  was i n  t h e  form  o f  an a n n u lu s  
com posed o f  v e ry  e n e r g e t i c  e l e c t r o n s  (Te *N/ 0 . 5 - 1  MeV) w i th  b e t a  v a lu e s  
a p p ro a c h in g  u n i t y ,  w here  b e t a  i s  t h e  r a t i o  o f  p a r t i c l e  p r e s s u r e  t o  mag­
n e t i c  f i e l d  p r e s s u r e .  T hese r i n g s  w ere  a  few Larm or r a d i i  t h i c k  and  w ere  
fo u n d  t o  b e  m a c r o s c o p ic a l ly  s t a b l e  when am b ien t g as  p r e s s u r e  was above a  
c r i t i c a l  v a lu e .  D u rin g  t h i s  p e r i o d ,  m ore r e f i n e d  e n e rg y  b a la n c e  c a l c u l a ­
t i o n s  made i t  c l e a r  t h a t ,  ev en  w ith  c l a s s i c a l  b e h a v io r ,  i t  w ould  b e  v e ry  
d i f f i c u l t  t o  p ro d u c e  n e t  pow er i n  a  s t a n d a r d  s im p le  m i r r o r  c o n f ig u r a t i o n .
k
5Thus i t  was h ig h ly  d e s i r a b l e  t o  u t i l i z e  i n  some way t h e  h ig h  b e t a  a n n u lu s  
i n  a  c o n t r o l l e d  f u s io n  d e v ic e  w i th  t o r o i d a l  c o n f ig u r a t i o n .
A s im p le  t o r o i d a l  sy s tem  ( i . e . ,  a  sy s te m  w i th  m a g n e tic  f i e l d  
o n ly  i n  t o r o i d a l  d i r e c t i o n )  does n o t c o n f in e  s i n g l e  p a r t i c l e s  b e c a u s e  
t h e  v e r t i c a l  d r i f t s  due t o  c u r v a tu r e  and  g ra d  B in d u c e  a  r a p i d  r a d i a l  
e x p u ls io n  o f  t h e  p la sm a . S e v e r a l  im proved  t o r o i d a l  t r a p s  h av e  b ee n  de­
v i s e d  t o  p ro v id e  c o n f in e m e n t : th o s e  u s in g  e x t e r n a l  w in d in g s  t o  g e n e ra te
2r o t a t i o n a l  t r a n s f o r m ,  a s  i n  s t e l l a t o r s ; th o s e  u s in g  i n t e r n a l  w in d in g s ,  
s u c h  a  l e v i t r o n s ;  th o s e  u s in g  ( i n t e r n a l )  p la sm a  c u r r e n t s ,  a s  i n  to k am ak s; 
an d  th o s e  u s in g  p e r io d i c  s p a t i a l  m o d u la tio n  o f  t h e  m a g n e tic  f i e l d  w ith o u t  
n e t  p la sm a  c u r r e n t s ,  t h e  so  c a l l e d  bumpy t o r u s . ^  In  t h e  tokam ak  and 
s t e l l a t o r ,  t h e  c u r v a tu r e  an d  g ra d  B d r i f t s  com bine w ith  t h e  m o tio n  o f  
g u id in g  c e n te r s  a lo n g  th e  f i e l d  l i n e s  t o  p ro d u c e  c o n f in e d  p a r t i c l e  o r b i t s .
A bumpy t o r u s  i s  a  t o r o i d a l  d e v ic e  w i th  a l l  f i e l d  l i n e s  c lo s e d  
an d  no t o r o i d a l  c u r r e n t s  ( i . e . ,  no r o t a t i o n a l  t r a n s f o r m ) .  The m achine 
a t  ORWL c o n s i s t s  o f  a  s e r i e s  o f  2k i d e n t i c a l ,  t o r o i d a l l y  c o n n e c te d ,  
c a n te d  m i r r o r s  w i th  m i r r o r  r a t i o  2 :1 .  S te a d y  s t a t e  p la sm a  i s  s u s t a in e d  
an d  h e a te d  by  e l e c t r o n  c y c lo t r o n  h e a t in g .  T h e re  a r e  tw o p r i n c i p a l  p la sm a  
com ponents i n  EBT: m i r r o r  t r a p p e d ,  h ig h  b e t a ,  h o t  e l e c t r o n  r i n g s  ( a n n u l i )  
an d  a  d e n s e r ,  lo w e r  e n e rg y  t o r o i d a l  c o r e  p la s m a . The s t a b i l i t y  o f  t h e  
t o r o i d a l  p la sm a  i s  a c h ie v e d  by  th e  d iam ag n e tism  o f  h o t  e l e c t r o n  a n n u l i
g
w h ich  t r a n s f o r m  th e  bumpy t o r u s  i n t o  an  a v e ra g e  minimum B c o n f ig u r a t i o n .
In  an  a v e ra g e  minimum B c o n f ig u r a t i o n ,  one e n c o u n te r s  i n c r e a s i n g  m a g n e tic  
f i e l d  i n  a lm o s t a l l  d i r e c t i o n s  a s  one p ro c e e d s  away from  t h e  c e n te r  o f  
c o n f ig u r a t i o n .  W ith o u t su ch  an e f f e c t  p ro d u c e d  b y  a n n u l i ,  t h e  t o r o i d a l
67p lasm a  w ould  b e  s u b j e c t  t o  in te r c h a n g e  m odes. T hese  modes a r e  shown t o  
b e  u n s ta b le  i n  a  c lo s e d  l i n e  t o r u s  w ith  i s o t r o p i c  p r e s s u r e  and  m o n o to n i-  
c a l l y  i n c r e a s i n g  dSL / B . ^  In te r c h a n g e  i n s t a b i l i t y  o c c u rs  i n  t h e  r e g io n s  
o f  b a d  c u r v a tu r e  ( i . e . ,  convex  f i e l d  c u r v a tu r e  i n  w h ich  t h e  m ag n e tic  f i e l d
Q
s t r e n g t h  d e c re a s e s  r a d i a l l y  o u tw a rd ) .  H ow ever, th e o r y  p r e d i c t s  t h a t  a  
h o t  e l e c t r o n  com ponent w ith  b e t a  i n  e x c e s s  o f  15% s h o u ld  r e v e r s e  th e  
l o c a l  g r a d ie n t  i n  m a g n e tic  f i e l d  i n t e n s i t y ,  so  t h a t  t h e  sy s tem  s a t i s f i e s
Q
K ad o m stev 's  c r i t e r i o n  f o r  s t a b i l i t y .  The l o c a l  m a g n e itc  w e l l s  p ro d u c e d  
by  th e  h o t  e l e c t r o n  r i n g s  i n  EBT th u s  s t a b i l i z e  t h e  t o r o i d a l l y  c o n f in e d  
n o n ax isy m m etric  p la s m a , w h ile  t h e  r i n g s  th e m s e lv e s  a r e  s t a b i l i z e d  by  
th e  t o r o i d a l  c o re  p la sm a . T h is  i n t e r p l a y  b e tw een  th e  r i n g s  and  t o r o i d a l  
c o re  p lasm a i s  a t  p r e s e n t  a  v e ry  a c t i v e  a r e a  o f  r e s e a r c h  an d  much s t i l l  
re m a in s  t o  b e  u n d e r s to o d .  The r i n g s  th e m s e lv e s  a r e  c r e a t e d  i n  t h e  m id­
p la n e  o f  each  m i r r o r  s e c t i o n  by  e x t e r n a l  m icrow ave h e a t in g  a t  t h e  e l e c ­
t r o n  c y c lo t r o n  f re q u e n c y  and  i t s  h a rm o n ic s . C onfinem en t o f  th e  c o re  
p la sm a  i s  a c h ie v e d  by  t h e  m o d i f i c a t io n  o f  t h e  v e r t i c a l  d r i f t s  by  th e  
p o l o i d a l  g ra d  B an d  E x  B d r i f t s  p ro d u c e d  by  th e  b u m p in ess  i n  t h e  t o r o i d a l  
m ag n e tic  f i e l d  and  by  t h e  a m b ip o la r  e l e c t r i c  f i e l d .  F ig u re  1 shows a  
s c h e m a tic  d iag ra m  o f  EBT. Wavy l i n e s  a r e  t h e  bumpy m a g n e tic  f i e l d  l i n e s .
F ig u re  2 shows one m ir r o r  s e c t i o n  w i th  th e  r i n g .  T a b le  1 l i s t s  some o f
5 9th e  r e l e v a n t  m ach ine  an d  p lasm a p a ra m e te r s  ’ f o r  E B T -I.
B. E x p e r im e n ta l  Modes o f  O p e ra t io n  i n  EBT
In  t h i s  w o rk , we w i l l  b e  c o n c e rn e d  w ith  t h e  f o l lo w in g  i n t e r e s t i n g  
e x p e r im e n ta l  o b s e r v a t io n  made on EBT: t h e r e  e x i s t  t h r e e  d i s t i n c t ,  r e p r o ­
d u c ib le  modes o f  o p e r a t i o n  a s  a  f u n c t io n  o f  t h e  tw o n a t u r a l  e x p e r im e n ta l
7p a ra m e te r s  -P g>  t h e  a m b ien t g as p r e s s u r e  and  ^  , t h e  m icrow ave pow er
d e l i v e r e d  t o  t h e  p la sm a  t o  g e n e ra te  h o t  e l e c t r o n  r i n g s  ( s e e  F ig s .  3 a - f ) .
F o r  f i x e d  m icrow ave pow er d e n s i ty  P.. an d  s u f f i c i e n t l y  low  f i l -r
l i n g  p r e s s u r e  pg one e n c o u n te r s  t h e  so  c a l l e d  m i r r o r  o.r M mode i n  w hich  
th e  t o r o i d a l  c o re  p la sm a  b e h a v e s  som ewhat l i k e  a  s e r i e s  o f  d is c o n n e c te d  
s im p le  m i r r o r  m a c h in e s . T h is  mode i s  c h a r a c t e r i z e d  by  l a r g e  f l u c t u a t i o n s  
i n  num ber d e n s i t y ,  an d  so  v e ry  few e q u i l ib r iu m  m easu rem en ts can  b e  made. 
The a v e ra g e  e l e c t r o n  l i n e  d e n s i ty  i s  low  and  e l e c t r o n  te m p e r a tu r e s  a r e  
h ig h  i n  t o r o i d a l  c o re  p la sm a  ( F ig s .  3 b - d ) . As th e  f i l l i n g  p r e s s u r e  Pg i s  
i n c r e a s e d  sm o o th ly  ( " a d i a b a t i c a l l y " )  a t  f i x e d  m icrow ave pow er d e n s i ty  
P |^  , t h e r e  o c c u rs  a  s h a rp  t r a n s i t i o n  i n  t h e  f l u c t u a t i o n  l e v e l s  a s  one 
p a s s e s  from  th e  M mode t o  t h e  so  c a l l e d  T mode ( F ig .  3 ( c ) ) .  In  th e  
T m ode, w h ich  i s  t h e  u s u a l  o p e r a t i n g  reg im e  o f  EBT, t h e  p la sm a  i s  
q u ie s c e n t  w i th  e l e c t r o n  te m p e r a tu r e s  Tg^  600 eV an d  io n  te m p e r a tu r e s  
T^ 1*0 eV ( t h e r e  i s  a l s o  a  s m a l l  io n  com ponent w ith  100 e V ) , and
a v e ra g e  e l e c t r o n  l i n e  d e n s i t y  n g re m a in s  n e a r l y  c o n s ta n t  a s  Pg i s
in c r e a s e d  ( F ig s .  3 ( b )  an d  3 ( c ) ) .  On f u r t h e r  i n c r e a s i n g  Pg a t  f i x e d  P ,
t h e r e  o c c u rs  a  se c o n d  s h a rp  t r a n s i t i o n  a s  one p a s s e s  a b r u p t ly  from  th e  
q u ie s c e n t  T mode t o  a  som ewhat n o i s i e r  b u t  c o ld  C mode i n  w h ich  e l e c ­
t r o n  te m p e r a tu r e  T^ 20 eV ( t h e  io n  te m p e r a tu r e s  T^ a r e  n o t  m e a s u re d ) ,
a v e ra g e  e l e c t r o n  l i n e  d e n s i ty  n  J, i n c r e a s e s .  In  t h i s  m ode, low  a m p litu d e
f l u c t u a t i o n s  a r e  o b s e rv e d  i n  t h e  num ber d e n s i ty  ( F ig .  3 ( c ) ) .  T hese s h a rp  
t r a n s i t i o n s  i n  p la sm a  b e h a v io r  a l s o  o c c u r  i f  one d e c r e a s e s  t h e  m icrow ave 
pow er a t  f i x e d  f i l l i n g  p r e s s u r e .  T t o  C t r a n s i t i o n  i s  somewhat
sm o o th e r an d  more g ra d u a l  com pared t o  M t o  T t r a n s i t i o n .  T h ese
8t r a n s i t i o n s  a l s o  show h y s t e r e s i s .  E x p e r im e n ta l ly ,  t h e  f i l l i n g  p r e s s u r e  
Pg and  m icrow ave pow er d e n s i ty  a t  t h e  t r a n s i t i o n s  a r e  o b s e rv e d  t o  h e  
r e l a t e d  b y  th e  pow er law  PQoC ( s e e  F ig .  3 ( a ) ) .  In  th e  C m ode,
t h e  a m b ip o la r  e l e c t r o s t a t i c  p o t e n t i a l  <p i s  o b s e rv e d  t o  b e  c lo s e  t o  z e ro  
( s e e  F ig .  3 ( f ) ) .  The e x p e r i m e n t a l i s t  u s u a l l y  f i n d s  i t  more c o n v e n ie n t  t o  
exam ine th e s e  t r a n s i t i o n s  by  v a r y in g  t h e  f i l l i n g  p r e s s u r e  Pg a t  f i x e d  Fy. , 
w h i le  t h e o r e t i c  s i l ly  we w i l l  f i n d  i t  more c o n v e n ie n t  t o  v a ry  F ^  a t  f i x e d  Pg.
The o c c u r re n c e  o f  su d d en  ch an g es i n  t h e  p r o p e r t i e s  o f  a  sy s te m  
in d u c e d  b y  a  s m a l l  c o n tin u o u s  ch an g e  i n  t h e  e x t e r n a l  p a r a m e te r s  i s  com­
m only c a l l e d  a  c a t a s t r o p h e . i n  th e  n e x t  c h a p te r  we w i l l  b r i e f l y  
re v ie w  c a ta s t r o p h e  th e o r y .  H ow ever, we s h o u ld  p o in t  o u t  t h a t  th e  EBT 
m odel w ith  w hich  we s h a l l  w o rk , th e  so  c a l l e d  p o in t  m o d e l i s  a  non­
g r a d ie n t  dynam ic sy s te m  so  t h a t  t h e  p o w e rfu l  c l a s s i f i c a t i o n  th e o re m s  o f  
e le m e n ta ry  c a ta s t r o p h e  t h e o r y 1"^- 1 ** a r e  n o t  a p p l i c a b le  t o  o u r  EBT e q u i l i b r i a .
B ased  on e x p e r im e n ta l  e v id e n c e  an d  t h e o r e t i c a l  c a l c u l a t i o n s , 
t h e  EBT t r a n s p o r t  i s  shown t o  b e  d o m in a ted  by  n e o c l a s s i c a l  p r o c e s s e s .  ”  
N e o c la s s i c a l  t r a n s p o r t  p r o c e s s e s  a r i s e  due t o  g u id in g  c e n te r  d r i f t s  a s s o ­
c i a t e d  w i th  f i e l d  in h o m o g e n e it ie s  su ch  a s  g ra d  B and  c u r v a tu r e  d r i f t s  
( s e e  A ppend ix  C on n e o c l a s s i c a l  t r a n s p o r t  t h e o r y ) .  I n  th e  EBT, e l e c ­
t r o n s  a r e  o b s e rv e d  t o  b e  i n  e o l l i s i o n l e s s  re g im e , a  re g im e  w here th e
19c o l l i s i o n s  a r e  to o  i n f r e q u e n t  t o  ran d o m ise  g u id in g  c e n te r  m o tio n s , a n d  
t h e  e l e c t r o n  t r a n s p o r t  i s  d o m in a ted  by  th o s e  e l e c t r o n s  w hose p o lo id a l  
d r i f t s  do n o t  vanish,'*"® ’^  ( t h e  so  c a l l e d  n o n re s o n a n t  e l e c t r o n s ) .  As 
shown i n  C h a p te r  IV , when t h e  a m b ip o la r  e l e c t r i c  f i e l d  E i n  t h e  EBT c o re  
p la sm a  i s  r a d i a l l y  in w a rd , t h e  p o lo i d a l  d r i f t  o f  th e  e l e c t r o n s  can  n o t
v a n is h  ( i . e . ,  th e n  t h e r e  a r e  o n ly  n o n re s o n a n t  e l e c t r o n s ) .  S im i l a r l y  f o r  
io n s  when E i s  r a d i a l l y  o u tw a rd . W hile  n e o c l a s s i c a l  e f f e c t s  a r e  t y p i c a l l y  
much l a r g e r  th a n  th e  c l a s s i c a l  e f f e c t s ,  c l a s s i c a l  an d  n e o c l a s s i c a l  t r a n s ­
p o r t  p r o c e s s e s  a r e  a d d i t i v e . ^
I I I .  CATASTROPHE THEORY
I n  t h i s  c h a p te r ,  we w i l l  d i s c u s s  t h e  b a s i c  id e a s  o f  c a ta s t r o p h e
th e o r y  a n d  w hat a r e  some o f  th e  p ro b lem s t o  w h ich  i t  h a s  b ee n  a p p l i e d ;  
i n  p a r t i c u l a r  an  exam ple i n  t h e  e le m e n ta ry  c a ta s t r o p h e  th e o r y  ( a  r e s t r i c ­
t i v e  b u t  p o w e rfu l s u b s e t  o f  c a ta s t r o p h e  th e o r y  i n  w h ich  th e  g e n e r a l i z e d  
f o r c e  c a n  b e  r e p r e s e n te d  by  a  s c a l a r  p o t e n t i a l ,  i . e . ,  a  g r a d ie n t  dynam ic 
sy s tem ) an d  tw o exam ples o f  a p p l i c a t i o n  o f  c a ta s t r o p h e  th e o r y  t o  non­
g r a d ie n t  dynam ic s y s te m s .
A. I n t r o d u c t i o n
The o c c u re n c e  o f  su d d en  ch an g es i n  t h e  p r o p e r t i e s  o f  a  sy s te m
in d u c e d  b y  a  s m a l l  c o n tin u o u s  change i n  t h e  e x t e r n a l  p a r a m e te r s  i s  commonly
c a l l e d  a  c a t a s t r o p h e . - ^ - 1 ^  C a ta s t ro p h e  th e o r y  a t te m p ts  t o  d e a l  w ith  su ch
12d is c o n t in u o u s  b e h a v io r .  Thermodynam ic p h a s e  t r a n s i t i o n s  a r e  exam ples 
o f  su ch  jump phenom ena, an d  a  num ber o f  o t h e r  jum p phenom ena can  b e  ob­
s e r v e d  i n  n a t u r e .
t h e o r y  t o  b e  a  th e o r y  w h ich  s t u d i e s  how t h e  q u a l i t a t i v e  n a tu r e  o f  t h e  
s o l u t i o n s  o f  e q u a t io n s  depend  upon t h e  p a r a m e te r s  t h a t  a p p e a r  i n  t h e
13We ta k e  t h e  v ie w p o in t o f  G ilm ore who c o n s id e r s  c a ta s t r o p h e
e q u a t io n s 13
To make t h i s  p ro g ram  c o n c r e t e ,  we lo o k  f o r  s o l u t io n s  
l | ' ^ ( t , x ;  c ^  ) ,  ' f 2 ( t , x ;  c ^  ) . . . f o r  a  sy s te m  o f  n  e q u a t io n s  d e f in e d  
o v e r  a  s p a c e  R^ whose c o o r d in a te s  a r e  x  = x 2 , . .
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T>z ^ i
r  ( %  j  c -«j  ^  j  a *  ,  a t *  ;  V j  * * »  j
. . . .  i £ * > , -  )  * °
w here
The v a r i a b l e s  an d  t  may c o n v e n ie n t ly  b e  r e g a rd e d  a s  s p a c e  an d  tim e  
c o o r d in a t e s .  S in c e  th e  s o l u t i o n s  . d e s c r ib e  t h e  s t a t e  o f  some s y s te m , 
th e y  a r e  c a l l e d  s t a t e  v a r i a b l e s .  The e q u a t io n s  = 0 d ep en d  on k  param ­
e t e r s  C ^  . S in c e  t h e  p a r a m e te r s  C ^  may c o n t r o l  th e  q u a l i t a t i v e  p ro ­
p e r t i e s  o f  t h e  s o l u t io n s  , t h e  a r e  c a l l e d  c o n t r o l  p a r a m e te r s .
The p ro b lem  o f  d e te rm in in g  th e  s o l u t io n s  o f  F. = 0 w i th  above 
fo rm  o f  F ^ ' s i s  fo r m id a b le .  T h is  p ro b lem  can  b e  made more t r a c t a b l e  by  
m aking  some s im p l i f y in g  a s s u m p tio n s  a b o u t F . ' s .  I f  F . ' s  a r e  su ch  t h a t
f t .  ( U ' t b  c * )  = „
t h e n  t h e  sy s te m  o f  e q u a t io n s  o f  t h i s  ty p e  (F^ = 0) i s  c a l l e d  a  d y n am ica l 
13s y s te m . F u r t h e r ,  i f
F;= 4 ! S -  f i C + i j  c- 0 = °  
ai
t h e n  t h i s  sy s te m  o f  e q u a t io n s  i s  c a l l e d  an  autonom ous d y n am ica l sy s te m .
A few  u s e f u l  an d  p o w e rfu l s t a t e m e n ts  can  b e  made a b o u t su c h  autonom ous 
d y n am ica l sy s te m s  w h ich  dep en d  on s m a l l  num ber o f  c o n t r o l  p a r a m e te r s  
( k  When a l l  t h e  f u n c t io n s  f^  can  b e  d e r iv e d  a s  t h e  g r a d ie n t  (w ith
12
r e s p e c t  t o  o f  some s c a l a r  p o t e n t i a l  f u n c t io n  V( j  ; )
P 2 i
T \  "  >
t h e  r e s u l t i n g  sy s tem  ° ^
^  = -  v r V
i s  c a l l e d  a  g r a d ie n t  dynam ic sy s te m . A g r e a t  d e a l  can  h e  s a i d  ab o u t 
g r a d ie n t  dynam ic s y s te m s .
Of p a r t i c u l a r  i n t e r e s t  a r e  th e  e q u i l i b r i a  d 'i f  ^ / d t  = 0 o f  
d y n am ica l sy s te m s  (w h ich  in c lu d e s  autonom ous d y n am ica l sy s tem s and  
g r a d ie n t  dynam ic s y s te m s ) .  The e q u i l i b r i a  ^  . ( )  o f  a  g r a d ie n t  dynam ic 
sy s te m  a r e  d e f in e d  by  th e  e q u a t io n s
•avC'Vji O  / •a'fr = °
A g r e a t  many d e e p , u s e f u l  and  p o w e rfu l s ta te m e n ts  can  b e  made
a b o u t e q u i l i b r i a  o f  g r a d ie n t  dynam ic s y s te m s , an d  how t h e s e  e q u i l i b r i a
depend on t h e  c o n t r o l  p a r a m e te rs  . E le m e n ta ry  c a ta s t r o p h e  th e o r y
(ECT) i s  t h e  s tu d y  o f  how t h e  e q u i l i b r i a  Hf . (C , ) change a s  t h e  c o n t r o l
J «■
13p a ra m e te r s  c h a n g e . ECT s t u d i e s  an d  c l a s s i f i e s  t h e  ty p e s  o f  d i s ­
c o n tin u o u s  b e h a v io r s  o n e  can  f i n d  i n  t h e  e q u i l i b r i a  o f  g r a d ie n t  dynam ic 
sy s te m s  a s  t h e  c o n t r o l  p a r a m e te rs  a r e  sm o o th ly  ch a n g ed . Thom"*"^  h a s  shown 
t h a t  f o r  g r a d ie n t  dynam ic e q u i l i b r i a  t h e r e  a r e  a t  m ost sev en  t o p o l o g i c a l l y  
d i s t i n c t  s t a b l e  ty p e s  o f  d is c o n t in u o u s  b e h a v io r s  t h a t  can  o c c u r ,  i f  t h e  
num ber o f  c o n t r o l  p a ra m e te rs  d o es n o t  e x c e e d  U ( i . e . ,  k  ^ . ^ ) .  S ee T a b le  2 . 
E q u i l i b r i a  w h ich  can  n o t  b e  r e l a t e d  t o  ea ch  o t h e r  by  d if fe o m o rp h ic  map­
p in g  a r e  te rm e d  t o p l o o g i c a l l y  d i s t i n c t  e q u i l i b r i a ;  a  d iffe o m o rp h ism
13
lae in g  a  1 -1  o n to  c o n t in u o u s ly  d i f f e r e n t i a b l e  m apping w ith  a  c o n t in u o u s ly
d i f f e r e n t i a b l e  in v e r s e  map.
The te rm in o lo g y  an d  m ethods d e v e lo p e d  f o r  s tu d y in g  g r a d ie n t
dynam ic sy s tem s  can  b e  u se d  t o  s tu d y  t h e  p r o p e r t i e s  o f  autonom ous dynam i-
13c a l  sy s tem s  a s  w e l l .  In  f a c t ,  a  g e n e r a l  p ro g ram  f o r  d i s c u s s in g  th e  
q u a l i t a t i v e  p r o p e r t i e s  o f  autonom ous d y n a m ic a l s y s te m s ,  a k in  t o  t h e
13g e n e r a l  p ro g ram  o f  t h e  E le m e n ta ry  C a ta s t ro p h e  T h eo ry , may b e  fo rm u la te d .
I t  m ust b e  em p h asized  t h a t  t h e  ra n g e  o f  a p p l i c a b i l i t y  o f  c a t a s ­
t r o p h e  th e o r y  f a r  e x c eed s  g r a d ie n t  dynam ic s y s te m s . I n  an  e s s a y  e n t i t l e d  
"The tw o - f o ld  ways o f  C a ta s t ro p h e  T h e o ry ,"  Thom h a s  c h a r a c t e r i z e d  th e  
tw o ends o f  t h e  sp e c tru m  o f  t h e o r y ’ s a p p l i c a t i o n s  a s  th e  " p h y s ic a l "  an d  
t h e  " m e ta p h y s ic a l" :
" E i t h e r ,  s t a r t i n g  from  known s c i e n t i f i c  law s (f ro m  M echanics 
o r  P h y s ic s )  you  i n s e r t  th e  c a ta s t r o p h e  th e o r y  fo rm a lism  ( e v e n t u a l l y  
m o d if ie d )  a s  a  r e s u l t  o f  t h e s e  la w s :  t h i s  i s  th e  p h y s i c a l  w ay. O r, 
s t a r t i n g  from  a  p o o r ly  u n d e r s to o d  e x p e r im e n ta l  m o rp h o lo g y , one p o s t u l a t e s  
' a  p r i o r i 1 th e  v a l i d i t y  o f  t h e  c a ta s t r o p h e  th e o r y  fo rm a lis m , an d  one t r i e s  
t o  r e c o n s t r u c t  t h e  u n d e r ly in g  dynam ic w h ich  g e n e r a te s  t h i s  m o rp h o lo g y :
t h i s  i s  t h e  m e ta p h y s ic a l  w ay. N e e d le s s  t o  s a y ,  t h e  s e c o n d  way seem s t o
..29me m ore p ro m is in g  th a n  th e  f i r s t ,  i f  l e s s  s e c u re  . . .
T h is  shows t h a t  an  im p o r ta n t  f e a t u r e  o f  c a ta s t r o p h e  th e o r y  i s  
t h a t  i t  can  b e  u s e d  n o t  o n ly  i n  many d i f f e r e n t  p ro b lem s b u t  a l s o  i n  many 
d i f f e r e n t  w ays. S au n d e rs  h a s  s t a t e d  t h a t :
"T hese  exam ples c o n t r i b u t e  t o  o u r  u n d e r s ta n d in g  o f  c a ta s t r o p h e  
th e o r y  b y  s e r v in g  a s  r e l a t i v e l y  s t r a i g h t f o r w a r d  i l l u s t r a t i o n s  an d  a l s o  by
lit
show ing  how th e  ra n g e  o f  a p p l i c a b i l i t y  o f  t h e  th e o r y  e x te n d s  f a r  beyond
29sy s te m s  w i th  g r a d ie n t  d y n a m ic s ."
W h ile  P o s to n  and  S te w a r t  h av e  s t a t e d  t h a t :
" . . .  S ystem s w i th  m ore e l a b o r a t e  dynam ics th a n  a  s im p le  
m in im iz a tio n  o r  m a x im iz a tio n  o f t e n  e x h i b i t  b e h a v io r  r e d u c ib l e  t o  a  
c a t a s t r o p l e  . . . Not a l l  dynam ic phenom ena a r e  d r iv e n  by  th e  m ax im iz in g  
o r  m in im iz in g  o f  p o t e n t i a l  f u n c t i o n s ,  w i th  c o n se q u e n t c a ta s t r o p h e  geo m etry  
a s  t h e s e  f u n c t io n s  v a r y .  Many t h a t  a r e  n o t  can  b e  r e l a t e d  t o  c a ta s t r o p h e  
l e s s  d i r e c t l y ;  by  t h e  c o n s t r u c t io n  o f  s u i t a b l e  L iap u n o v  f u n c t i o n s ,  a s  f o r  
th e  D u ff in g  e q u a t io n  (Holm es an d  R a n d ) ; b y  v a r i a t i o n a l  p r i n c i p l e s  a s  f o r  
o p t i c s ;  b y  s t re a m  f u n c t i o n s ;  an d  so  o n . C a ta s tro p h e  th e o r y  ( i n  t h e  s e n s e  
we h av e  u s e d  t h e  p h ra s e )  i s  n o t  u n i v e r s a l l y  a p p l i c a b l e ,  b u t  t h e  f r e q u e n t  
s ta te m e n t  ' i t  a p p l i e s  o n ly  t o  g r a d ie n t  s y s te m s ' i s  s im p ly  a  m is u n d e rs ta n d in g  
b ro u g h t  a b o u t b y  t h e  l i m i t e d  ra n g e  o f  e a r l y  ex a m p le s .
" .  . . A b s o lu te ly  a l l  o f  t h e  c h a o t i c  b e h a v io r ,  ' s t r a n g e  a t t r a c ­
t o r s '  ( G u ck en h eim er, O s te r  an d  I p a k t c h i ) ,  'o m e g a -e x p lo s io n s ' an d  o t h e r  
f r e a k i s h  f a m i l i a r s  o f  t h e  w iz a rd s  o f  m odern d y n am ica l sy s tem s  th e o r y  can  
s t a b l y  o c c u r  i n  t h i s  c l a s s  o f  m o d e ls . (T hom 's more g e n e r a l  u s e  o f  th e  
th e rm  'c a t a s t r o p h e '  t a k e s  t h e s e  phenom ena i n t o  a c c o u n t -  b u t  t h e n  a
g e n e r a l  th e o r y  i s  l a c k i n g ;  so  t h e  p r a c t i c a l  a d v a n ta g e  i s  s m a l l :  t h e
12p h i l o s o p h ic a l  g a in  may b e  g r e a t e r . ) "
B. An A p p l ic a t io n  o f  C a ta s t ro p h e  T heory  o t  a  G ra d ie n t Dynamic S ystem  
(E le m e n ta ry  C a ta s t ro p h e  T heory)
In  o r d e r  t o  s tu d y  one exam ple o f  a p p l i c a t i o n  o f  e le m e n ta ry  
c a ta s t r o p h e  th e o r y  t o  a  g r a d ie n t  dynam ic s y s te m , c o n s id e r  t h e  s e t  o f  s
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e q u a tio n s
_  I?- C ^ ;  < *) ,
«  '  in
w here th e  d e p e n d e n t v a r i a b l e  v e c to r  x  = (x  , xo i  . . . x  ) c o n s i s t s  o f
X  £. S
s s t a t e  ( o r  b e h a v io r )  v a r i a b l e s  a n d  th e  c o n t r o l  ( o r  e x t e r n a l  p a r a m e te r s )  
v e c to r  o< = ( « < ^ ,  o<2 » • • •»•*■<,) c o n s i s t s  o f  C p a r a m e te r s .  I f
> K t  ,  '1 <2)
t h e n  e q s .  ( l ) - ( 2 )  c o n s t i t u t e  a  g r a d ie n t  dynam ic sy s te m . The c r i t i c a l  
p o i n t s  o f  e q . ( l ) ,  nam ely  th e  e q u i l ib r iu m  s u r f a c e s
= * \ 'o  Co< )  V ^ Ij ^  (3)
a r e  fo u n d  b y  s o lv in g  th e  s  s im u lta n e o u s  e q u a t io n s  f_^(x;®< ) = 0 . Now 
c o n s id e r  a  sy s te m  h a v in g  one s t a t e  v a r i a b l e  an d  two c o n t r o l  p a ra m e te rs  
( s  = 1 ,  C = 2) w i th  th e  p o t e n t i a l  f u n c t io n
° < 0  = £  * < i*  (1*>
The tw o d im e n s io n a l  e q u i l ib r iu m  s u r f a c e
X  o  * ) ^ ,  ( « f ,  , ° 0
s a t i s f y i n g
7)*  = T  ^  =  °  (5 )I r e  -  * *  +  «K\X ■+ 3  o
em bedded i n  t h r e e  d im e n s io n a l  ( x ^ q ,  l S  *(. g ) s p a c e  i s  shown i n  F ig u re  Ua. 
N ote th e  e x i s t e n c e  o f  f o ld s  i n  t h e  e q u i l i b r iu m  s u r f a c e .  The p r o j e c t i o n
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o f  t h e  f o ld s  o n to  t h e  c o n t r o l  sp a c e  2)  S^v e s  r i s e  t o  a  c u rv e  i n
t h e  c o n t r o l  sp a c e  c a l l e d  t h e  b i f u r c a t i o n  s e t .
F o r  t h e  p o t e n t i a l ,  e q . (*+), t h e  b i f u r c a t i o n  s e t  i s  t h e  c u rv e
=»■ O (6 )
2 2fo u n d  from  *IV/ *ax = 0 = “8 V / ' j x  . N ote t h e  a p p e a ra n c e  o f  c u sp  a t
U r  * < 2 ) = ( 0 , 0 ) .  The r e g io n  o f  c o n t r o l  s p a c e  c o n ta in e d  w i th in  t h e
b i f u r c a t i o n  s e t  s e p a r a t r i x  i s  c a l l e d  t h e  b i f u r c a t i o n  s p a c e .  F o r (o^ , o< ^ )
l y i n g  o u t s id e  t h e  b i f u r c a t i o n  s p a c e  t h e  p o t e n t i a l  V h as  o n ly  one minimum 
c o r re s p o n d in g  t o  a  u n iq u e  e q u i l i b r iu m  s t a t e  ( i . e .  a  p o in t  a t t r a c t o r  f o r  
th e  d y n a m ic a l s y s te m , e q s .  ( l )  an d  ( 2 ) ) .  Fo r  ( « < ^ ,  »< l y i n g  i n s i d e  
t h e  b i f u r c a t i o n  s p a c e ,  t h e  p o t e n t i a l  V e x h i b i t s  tw o l o c a l  m inim a an d  one 
l o c a l  maximum, i . e . , t h e  e q u i l ib r iu m  s u r f a c e  c o n s i s t s  h e r e  o f  t h r e e  
s h e e t s  j o i n e d  t o g e t h e r  a t  t h e  r e s p e c t i v e  f o l d  e d g e s ,  g iv in g  r i s e  t o  t h r e e  
p o s s i b l e  e q u i l i b r i a  f o r  a  g iv e n  («<.^, ®^2 ) .  '^wo t h e s e  e q u i l i b r i a  a r e  
s t a b l e  and  t h e  t h i r d  i s  u n s t a b l e  ( i . e .  t h e r e  a r e  tw o p o in t  a t t r a c t o r s  
an d  one p o i n t  r e p e l l o r  f o r  t h e  d y n am ica l s y s te m ) .
The e q u i l ib r iu m  s u r f a c e  shown i n  F ig u re  ha f o r  th e  g r a d ie n t  
dynam ic s y s te m , e q s .  ( l ) - ( 2 ) ,  i s  t h e  e q u i l ib r iu m  s u r f a c e  f o r  t h e  c a n o n ic a l  
cu sp  c a ta s t r o p h e .
C. A p p l ic a t io n  o f  C a ta s t ro p h e  T heory  t o  N o n g ra d ie n t Dynamic S ystem s
Now we w i l l  c o n s id e r  tw o ex am p les o f  a p p l i c a t i o n  o f  c a ta s t r o p h e  
th e o r y  t o  n o n g ra d ie n t  dynam ic s y s te m s .
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1 .  D u ff in g  E q u a tio n
The D u ff in g  e q u a t io n  r e p r e s e n t s  t h e  s im p le s t  n o n l in e a r  o s c i l -
y  -v U %  1 - y  -v  ^  "> °
JT L  *  W  <o
a n d  we su p p o se  t h a t  k ,  a ,  w a r e  a l l  s m a l l .  S in c e  a  i s  s m a l l ,  we e x p e c t  
t h a t  t h e  s o l u t i o n  o f  t h e  D u ff in g  e q u a t io n  w i l l  b e  c lo s e  t o  t h a t  o f  th e
l i n e a r  o s c i l l a t o r ,  so  we a t te m p t  a  s o l u t i o n  o f  th e  from
y s f\ cos ~ 4>)
We s u b s t i t u t e  t h i s  i n t o  t h e  d i f f e r e n t i a l  e q u a t io n ,  ig n o re  s e c o n d  o r d e r  
te rm s  an d  a  te rm  i n  co s  3 i L t ,  and  e q u a te  t h e  c o e f f i c i e n t s  o f  co s  J L t  and  
s i n  J 1_ t on e i t h e r  s id e  o f  e q u a t io n  t o  o b ta in
+OV>^> ss ^  I (  2> a. S w )
an d  _
A *  ( » * * » ■ _  * O x .> -  k 1  f t 2-
2 2 The s e c o n d  o f  t h e s e  i s  a  c u b ic  i n  A . Now c o n s id e r  A a s  s t a t e  v a r i a b l e
an d  a  and  w a s  c o n t r o l  p a r a m e te r s .  T h en , from  th e  above c u b ic  e q u a tio n  
2 2i n  A , t h e  s u r f a c e  A a s  a  f u n c t io n  o f  a  an d  w i s  a s  shown i n  F ig u re  i+b.
We can  s e e  t h a t  t h i s  s u r f a c e  lo o k s  d o u b le  cu sp  c a t a s t r o p h e s .  The b i f u r ­
c a t i o n  c u rv e  can  b e  o b ta in e d  b y  d i f f e r e n t i a t i n g  t h e  c u b ic  e q u a t io n  tw ic e
2 2 (w i th  r e s p e c t  t o  A ) an d  e l i m in a t in g  A from  th e  tw o r e s u l t i n g  e q u a t i o n s ;
t h i s  g iv e s
l a t o r :
We w r i t e
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0 , * > =  ^  ^
so  t h e s e  a r e ,  i n  f a c t ,  two cu sp s  a s  b i f u r c a t i o n  c u r v e s .
The D u ff in g  e q u a tio n  h a s  a  num ber o f  a p p l i c a t i o n s  i n  p h y s i c s ,  
b u t  i t s  c h i e f  s i g n i f i c a n c e  from  o u r  p o in t  o f  v iew  i s  t h a t  i t  i l l u s t r a t e s  
a n o th e r  way i n  w h ich  c a ta s t r o p h e  th e o r y  can  a p p ly  t o  sy s tem s  w ith o u t  
g r a d ie n t  d y n am ics.
2 . van  d e r  P o l e q u a tio n  w i th  l a r g e  k 
C o n s id e r  t h e  van  d e r  P o l e q u a t io n  w ith  l a r g e  k :
^  k > o
L e t t h e  i n i t i a l  v a lu e s  o f  x  and  x  b e  x^ and  Xq , r e s p e c t i v e l y ,  and  l e t
.
^  ^  ^  %  C r )  cI t t
w here
2 o  “ 3  ^
Now
i  -  -  * /  k
Then van  d e r  P o l  e q u a t io n  becom es
* +  k  -  W -  ^ : )  =  0
I n t e g r a t i n g  t h i s ,  we o b ta in  an  a l t e r n a t i v e  form  o f  van  d e r  P o l  e q u a t io n :
— " f a s t  e q u a tio n "
" s lo w  e q u a tio n "
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We c a l l  t h e s e  " f a s t "  and  " s lo w "  e q u a t io n s  b e c a u s e  w i th  k  v e ry  
l a r g e ,  t h e  r a t e  o f  ch an g e  o f  x  i s  v e ry  much g r e a t e r  th a n  t h a t  o f  z .  
C o n s e q u e n tly , z may b e  c o n s id e r e d  a s  a  p a ra m e te r  f o r  d e te r m in in g  th e  
b e h a v io r  o f  x . The e q u i l i b r i a  f o r  x  a r e  g iv e n  by  th e  e q u a t io n
1  -  Vd x  -  ^  =  o
an d  s in c e  we a r e  t r e a t i n g  z a s  a  p a r a m e te r ,  t h e  e q u i l ib r iu m  s u r f a c e  i s  
t h a t  f o r  t h e  c a n o n ic a l  cu sp  c a ta s t r o p h e .  The e q u i l ib r iu m  s u r f a c e  and  
t h e  b i f u r c a t i o n  c u rv e  a r e  shown i n  F ig u re  ^ c .
We i n t e r p r e t  t h e  F ig u re  kc  i n  t h e  fo l lo w in g  w ay. O ff  th e  
s u r f a c e ,  t h e  f a s t  e q u a t io n  e n s u re s  t h a t  t h e  t r a j e c t o r i e s  a r e  v e ry  n e a r ly  
p a r a l l e l  t o  t h e  x  a x i s .  The p h a se  p o in t  w i l l  t h e r e f o r e  move a lm o s t 
d i r e c t l y  o n to  t h e  s u r f a c e .  T h is  m akes x  v a n i s h ,  so  t h e  sy s te m  i s  th e n  
g o v e rn ed  e n t i r e l y  b y  th e  s lo w  e q u a t io n .  I f  b  i s  p o s i t i v e  a n d  c o n s t a n t ,  
t h e  sy s te m  moves a u t o m a t i c a l l y  a ro u n d  an o r b i t  ( a s  shown i n  F ig u re  k c ) , 
e x h i b i t i n g  c h a r a c t e r i s t i c  su d d en  jum ps a n d  h y s t e r e s i s .
Thus a  n o n l i n e a r  o s c i l l a t o r  t o  w h ich  ECT i s  n o t  a p p l i c a b l e ,  
can  s t i l l ,  u n d e r  c e r t a i n  c i r c u m s ta n c e s , b e  r e p r e s e n te d  a s  an  e le m e n ta ry  
c a ta s t r o p h e .  The d e c o m p o s it io n  o f  sy s te m s  o f  d i f f e r e n t i a l  e q u a t io n s  i n t o  
su b sy s tem s  w ith  d i f f e r e n t  t im e s c a le s  i s  a  d e v ic e  w h ich  i s  u s e d  i n  many 
o t h e r  c o n te x t s .  I t  i s  som etim es c a l l e d  " a d i a b a t i c  e l i m in a t io n " .  I t  
i s  s i g n i f i c a n t  t h a t  t h e  a p p ro x im a tio n  w h ich  we h a d  t o  make i n  o r d e r  t o  
a p p ly  c a ta s t r o p h e  th e o r y  i s  t h e  same a s  i s  som etim es n e c e s s a r y  b e f o r e  
o t h e r  m ethods can  b e  u s e d .
A num ber o f  o t h e r  exam ples o f  a p p l i c a t i o n  o f  c a ta s t r o p h e  th e o r y
29t o  n o n g ra d ie n t  dynam ic sy s te m s  can  b e  fo u n d  i n  l i t e r a t u r e ,  e . g .  c a u s t i c s ;
20
s p i r a l  c h a o s ,  L o re n tz  a t t r a c t o r ;  B en ard  i n s t a b i l i t y ,  L a s e r  S p ik in g  i n -
13s t a b i l i t y ,  R u e lle -T a k e n s  P i c t u r e  o f  T u rb u le n c e ,  e t c .
D. D e lay  an d  M axw ell C o n v en tio n s
The s tu d y  o f  t h e  t im e  e v o lu t io n  o f  t h e  e q u i l i b r i a  o f  g r a d ie n t  
dynam ic sy s te m s  i s  o u t s id e  t h e  sco p e  o f  e le m e n ta ry  c a ta s t r o p h e  th e o r y  
(EOT). H ence t o  c o n s id e r  t h e  e v o lu t io n  o f  e q u i l i b r i a  a s  t h e  c o n t r o l  
p a r a m e te r s  a r e  c h a n g e d , T hom ^ was f o r c e d  t o  in t r o d u c e  some a s su m p tio n s  
r e g a r d in g  t h e  b e h a v io r  o f  t h e  sy s te m  when c o n t r o l  p a r a m e te r s  l i e  i n  th e  
b i f u r c a t i o n  sp a c e  an d  t h e r e  e x i s t  s e v e r a l  p o in t  a t t r a c t o r s  ( i . e .  s e v e r a l  
p o t e n t i a l  m in im a). Thom in t r o d u c e s  two c o n v e n tio n s  i n t o  c a ta s t r o p h e
th e o r y :  t h e  D elay  c o n v e n tio n  an d  th e  M axw ell c o n v e n tio n ,  an d  f u r t h e r  r e -
22 23f in e m e n ts  h av e  b e e n  c o n s id e r e d  b y  G ilm o re  an d  b y  A garw al an d  S henoy .
In  th e  d e la y  c o n v e n tio n  one assum es t h a t  t h e  sy s te m  w i l l  re m a in  i n  t h e
same e q u i l i b r iu m  s t a t e  ( i . e .  same p o t e n t i a l  m inim um ), i r r e s p e c t i v e  o f  the-
e x i s t e n c e  o r  d e p th  o f  o t h e r  p o t e n t i a l  m inim a u n t i l  t h a t  ( f i r s t )  p o t e n t i a l
minimum d i s a p p e a r s .  I n  t h e  M axw ell c o n v e n tio n  one assum es t h a t  t h e  sy s te m
w i l l  t e n d  t o  t h a t  e q u i l ib r iu m  s t a t e  w h ich  y i e l d s  a  g lo b a l  minimum f o r
V ( i . e . ,  t h e  d e e p e s t  p o t e n t i a l  w e l l ) .  The r e l a t i v e  m ag n itu d e s  o f  th e
r a t e  o f  ch an g e  o f  p a r a m e te r  an d  th e  t im e  r e q u i r e d  t o  a t t a i n  e q u i l ib r iu m
( i . e .  r e l a x a t i o n  t im e )  g o v e rn  a s  t o  w h ich  c o n v e n tio n  a  sy s te m  w i l l  f o l lo w .
I f  t h e  i n v e r s e  o f  t h e  t im e  r e q u i r e d  t o  r e a c h  a  l o c a l  minimum o f  p o t e n t i a l
( i . e . ,  t - "^ r e l a x a t i o n ,  l o c a l  minimum) i s  l a r g e  com pared t o  t h e  r a t e  o f
change o f  th e  c o n t r o l  p a r a m e te r  ( i . e . ,  d»£  ^ / d t ) ,  an d  i f  t h e  in v e r s e  o f
tim e  r e q u i r e d  t o  re a c h  g lo b a l  minimum ( i . e . ,  t  "*■ r e l a x a t i o n ,  g lo b a l
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minimum) i s  s m a l l  com ared  t o  t h e  r a t e  o f  ch an g e  o f  t h e  c o n t r o l  p a r a m e te r ,  
th e n  t h e  d e la y  c o n v e n tio n  i s  a p p l i c a b l e .  H ow ever, i f  t h e  in v e r s e  o f  
t im e  r e q u i r e d  t o  g lo b a l  minimum i s  l a r g e  com pared t o  r a t e  o f  change o f
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p a r a m e te r ,  M axwell c o n v e n tio n  i s  a p p l i c a b l e .  I n  s h o r t ,
""1 (lit * -1t  r e l a x a t i o n ,  l o c a l  m i n i m u m ^ H i 1 t  r e l a x a t i o n ,  g lo b a l  minimum
d t
(D e lay  C o n v en tio n )
J  i .
t  ^  r e l a x a t i o n ,  g lo b a l  minimum
< jt
(M axw ell c o n v e n tio n )
w here  • d ^ 's  a r e  i n  d im e n s io n le s s  fo rm .
L e t u s  c o n s id e r  th e  d e la y  c o n v e n tio n  a s  a p p l i e d  t o  cu sp  c a t a s ­
t r o p h e  p o t e n t i a l ,  e q . ( 1+) an d  i n  p a r t i c u l a r  t o  t h e  b e h a v io r  o f  t h e  e q u i ­
l i b r i u m  t r a j e c t o r y  a s  we k eep  = c o n s ta n t  and  d e c re a s e  w ith
i n i t i a l l y .  S ee F ig u re s  ^ a  an d  5 . F o r ^ 2 ^ ° ^  # t h e r e  i s  a  
u n iq u e  e q u i l ib r iu m  w h ich  l i e s  on th e  to p  s h e e t  o f  t h e  e q u i l ib r iu m  s u r f a c e  
an d  V h a s  a  u n iq u e  minimum. On d e c r e a s in g  we c u t  t h e  b i f u r c a t i o n  
s e t  a t  oC g = an d  th e n  e n t e r  t h e  b i f u r c a t i o n  sp a c e  2 ^ ° ^
f o r  w h ich  t h e r e  a r e  now t h r e e  p o s s i b l e  e q u i l i b r i a  o r  s h e e t s .  The d e la y  
c o n v e n tio n  im p l ie s  t h a t  t h e  e q u i l ib r iu m  t r a j e c t o r y  w i l l  re m a in  on t h e  
to p  s h e e t  o f  e q u i l ib r iu m  s u r f a c e .  When = ° (  we r e a c h  th e  f o l d  edge  
o f  t h e  to p  s h e e t  an d  on d e c r e a s in g  oC f u r t h e r  th e  e q u i l i b r iu m  s u r f a c e  
r e v e r t s  b a c k  t o  h a v in g  o n ly  a  s i n g l e  s h e e t  -  t h e  p r e v io u s  minimum o f  V 
d i s a p p e a r s  and  now V h a s  a  new u n iq u e  minimum w hich  i s  l o c a t e d  on th e  
b o tto m  s h e e t .  T h u s , u s in g  th e  d e la y  c o n v e n tio n ,  a  jump o r  c a ta s t r o p h e
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o c c u rs  i n  t h e  e q u i l ib r iu m  s t a t e  a t  f o r ^ g  d e c r e a s in g .  H ow ever,
on r e t r a c i n g  t h e ^ ^  c u rv e  i n  c o n t r o l  s p a c e  b y  i n c r e a s i n g  ©< ^ from
^  2 i n i t i a l l y ,  we w i l l  f i n d ,  on u s in g  d e la y  c o n v e n t io n ,  t h a t  t h e
e q u i l ib r iu m  t r a j e c t o r y  w i l l  jump from  t h e  b o tto m  s h e e t  t o  t o p  s h e e t  a t
T h is  h y s t e r i s  e f f e c t  w o u ld  n o t  o c c u r  i f  t h e  sy s te m  fo llo w e d
t h e  M axw ell c o n v e n tio n  s in c e  th e  t r a j e c t o r y  w i l l  a lw ay s s e e k  a  g lo b a l
minimum an d  th e  jump i n  t h e  e q u i l ib r iu m  t r a j e c t o r y  w i l l  a lw ay s  o c c u r  a t
° ^ 2  = 0 ( f o r  0)  f o r  t h e  p o t e n t i a l ,  f u n c t io n  V, e q . (!+)•
2Now l e t  u s  a p p ly  D e lay  c o n v e n tio n  t o  t h e  A s u r f a c e  o f  D u ff in g
2
e q u a t io n  ( F ig .  Vb) .  When a  = 0 ,  t h e r e  i s  a  minimum o f  A ( o r  A) a t  t o  = 0 .
I f  a  > 0  an d  i f  a  i s  s u f f i c i e n t l y  l a r g e  an d  i f  we b e g in  w i th  U><0 an d  th e n
2i n c r e a s e  i t ,  A w i l l  i n c r e a s e  s lo w ly  t o  i t s  maximum and  th e n  d e c r e a s e ,  
b u t  th e n  i t  w i l l  f a l l  s u d d e n ly . A t t h e  same tim e  t h e r e  w i l l  b e  a  change 
i n  p h a se  o f  th e  o s c i l l a t o r .  I f  we now s lo w ly  d e c re a s e  U ), t h e r e  w i l l  be 
e v e n tu a l ly  a n o th e r  su d d en  ch an g e  i n  a m p li tu d e  an d  p h a s e ,  b u t  a t  a  d i f ­
f e r e n t  p o i n t .  A s i m i l a r  e f f e c t  i s  o b s e rv e d  when a  <. 0 .
I n  th e  c a s e  o f  van  d e r  P o l o s c i l l a t o r  w i th  l a r g e  k ,  we have 
a l r e a d y  se e n  t h a t  t h e  sy s te m  fo l lo w s  D e lay  c o n v e n tio n  ( s e e  s e c t i o n  C ).
Thus t h e  d i s c u s s io n  i n  s e c t i o n s  B , C, an d  D show how t h e  t e r m i ­
n o lo g y  an d  m ethod d e v e lo p e d  i n  s e c t i o n  B f o r  s tu d y in g  g r a d ie n t  dynam ic 
sy s te m s  can  b e  u s e d  t o  s tu d y  t h e  p r o p e r t i e s  o f  non g r a d ie n t  dynam ic s y s ­
te m s ,  a s  was c l a i n e d  i n  s e c t i o n  A.
As an  exam ple o f  t h e  M axw ell c o n v e n t io n ,  c o n s id e r  a  g as  w h ich  
o b ey s v an  d e r  W a a l 's  e q u a t io n  o f  s t a t e
(V  ■+ C ^
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H ere P i s  t h e  p r e s s u r e ,  V i s  t h e  v o lu m e, T i s  t h e  a b s o lu t e  t e m p e r a tu r e ,
R i s  t h e  g as c o n s t a n t ,  an d  a  an d  b  a r e  two c o n s ta n t s  c h a r a c t e r i s t i c  o f  
th e  p a r t i c u l a r  g a s .  I f  we t a k e  volum e a s  t h e  d ep e n d en t v a r i a b l e ,  we may 
w r i t e  t h i s  e q u a t io n  i n  t h e  fo rm
S in c e  t h i s  i s  a  c u b ic  e q u a t io n ,  t h e  s u r f a c e  i t  r e p r e s e n t s  i s  d i f f e o -  
m o rp h ic  t o  t h e  e q u i l ib r iu m  s u r f a c e  o f  t h e  c a n o n ic a l  cu sp  c a ta s t r o p h e  
( f i g u r e  Ua) .  T h is  s u g g e s ts  t h a t  we s h o u ld  b e  a b le  t o  i n t e r p r e t  t h e  b e ­
h a v io r  o f  th e  sy s te m  i n  te rm s  o f  c a ta s t r o p h e  t h e o r y ,  t a k in g  V a s  t h e  s t a t e  
v a r i a b l e  an d  P a n d  T a s  c o n t r o l  p a r a m e te r s .  I f  we a t te m p t  t h i s ,  we d i s ­
c o v e r  t h a t  su d d en  jum ps o c c u r ,  s in c e  t h e r e  i s  an  a b r u p t  in c r e a s e  i n  
volum e when a  l i q u i d  ch an g es  t o  v a p o r .  B ut we do n o t  o b s e rv e  h y s t e r i s i s ;  
w a te r  u s u a l l y  b o i l s  a t  t h e  same te m p e r a tu re  a t  w h ich  s te a m  c o n d e n se s .
A ls o ,  we can  p r e d i c t  t h e  volum e u n iq u e ly  i f  we a r e  g iv e n  t h e  te m p e r a tu re  
an d  p r e s s u r e .
l o c a l  p o t e n t i a l  w e l l  u n t i l  t h a t  minimum d i s a p p e a r s .  I n s t e a d ,  i t  s e e k s  a  
g lo b a l  minimum o f  t h e  therm odynam ic p o t e n t i a l ,  w i th  t h e  r e s u l t  t h a t  th e  
p h a se  ch an g e  o c c u rs  when t h e  p o t e n t i a l  i s  t h e  same f o r  b o th  p h a s e s .  In  
te rm s  o f  F ig u re  1+a, t h e  jum ps i n  e i t h e r  d i r e c t i o n  o c c u r  a s  th e  c o n t r o l  
t r a j e c t o r y  c r o s s e s  a  s i n g l e  c u rv e  w h ich  l i e s  w i th in  t h e  c u s p . F ig u re  5a  
i l l u s t r a t e s  t h e  d e la y  c o n v e n tio n  an d  F ig u re  5b i l l u s t r a t e s  M axw ell con­
v e n t io n .
The r e a s o n  f o r  t h i s  i s  t h a t  t h e  sy s te m  does n o t  re m a in  i n  a
IV . THE POINT MODEL FOR EBT
A. P o in t  Model E q u a tio n s  f o r  EBT
In  a t te m p t in g  t o  e x p la in  t h e  e x i s t e n c e  o f  a b r u p t  t r a n s i t i o n s  i n  
t h e  modes o f  o p e r a t i o n  o f  EBT, we s h a l l  c o n s id e r  t h e  p o in t  m odel o f  
H e d ric k  e t  a l. '* '^  w i th  a n d  w i th o u t  io n  c y c lo t r o n  re s o n a n c e  h e a t i n g  (ICRH) 
and  s tu d y  t h e  p r o p e r t i e s  o f  e q u i l i b r i a  a s  t h e  e x t e r n a l  p a r a m e te r s  a r e  
sm o o th ly  v a r i e d .  T h is  p o in t  m odel i s  a  v e ry  s im p le  an d  p r i m i t i v e  m odel 
f o r  t h e  t o r o i d a l  p la sm a  i n  EBT. I n  t h i s  m odel r a d i a l  d e r i v a t i v e s  a r e  
a p p ro x im a te d  b y  t h e  i n v e r s e  o f  an  a p p r o p r i a t e  s c a l e  l e n g t h .  The p o in t  
m odel e q u a t io n s  a r e  s im p ly  t h e  c o n s e r v a t io n  law s f o r  p a r t i c l e s  and  e n e rg y .
The p o in t  m odel f o r  t o r o i d a l  c o re  p la sm a  i n  EBT assum e q u a s i ­
n e u t r a l i t y  o f  c h a r g e ,  i . e . ,  n ^ s  n  w h ere  n g i s  num ber d e n s i ty  o f
e l e c t r o n s  an d  n^  i s  num ber d e n s i ty  o f  i o n s .  C harge d e n s i ty  n  i n c r e a s e s  
a s  a  r e s u l t  o f  i o n i z a t i o n  o f  n e u t r a l s  c a u s e d  b y  c o l l i s i o n s  b e tw een  n e u t r a l s  
an d  e l e c t r o n s .  The d e c re a s e  i n  c h a rg e  d e n s i t y  n o c c u rs  b e c a u s e  o f  d i f ­
f u s io n  o f  c h a rg e d  p a r t i c l e s .  E le c t r o n  e n e rg y  i s  l o s t  a s  a  r e s u l t  o f  
t r a n s p o r t  p r o c e s s e s  and  c o l l i s i o n s  w i th  i o n s .  E nergy  i s  g a in e d  b y  e l e c ­
t r o n s  due t o  m icrow ave h e a t i n g  (ECH).  Io n s  g a in  e n e rg y  a s  a  r e s u l t  o f  
io n  c y c lo t r o n  re s o n a n c e  h e a t i n g  (ICR H ). They a l s o  g a in  e n e rg y  from  e l e c ­
t r o n s  a s  a  r e s u l t  o f  e l e c t r o n - i o n  c o l l i s i o n s .  L oss o f  io n  e n e rg y  o c c u rs  
a s  a  r e s u l t  o f  t r a n s p o r t  p r o c e s s e s .  A l l  t h e s e  e f f e c t s  c a n  b e  e x p re s s e d  
i n  t h e  form  o f  e q u a t io n s  a s  f o l l o w s :
2h
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i —  =  »\ ( » «  (T)
Tt ( I n 1 * )  ’  ?*• "  ( x  v'Te^  r e “  (8)
pi +  P e l ~  l « ' T i - ( :e t + , ' » < , f V > « ' )  <9>
d t
T hese a r e  p o in t  m odel e q u a t io n s .  H ere  we h av e  assum ed q u a s i ­
n e u t r a l i t y  o f  c h a r g e ,  n^ 3  n .  nQ i s  t h e  n e u t r a l  p a r t i c l e  d e n s i t y ,
w h ich  i s  r e l a t e d  t o  f i l l i n g  p r e s s u r e  p ^ ,  Tg i s  e l e c t r o n  te m p e r a tu r e ,  T^
i s  io n  t e m p e r a tu r e ,  n . ^ 6  v ) .  i s  t h e  i o n i z a t i o n  r a t e  f o r  an  e l e c t r o n  ’ O ' “ i o n
c o l l i d i n g  w i th  n e u t r a l s ,  i s  e l e c t r o n  c y c lo t r o n  m icrow ave pow er ab ­
s o rb e d  b y  e l e c t r o n s  p e r  u n i t  volum e due t o  e l e c t r o n  c y c lo t r o n  re s o n a n c e  
h e a t i n g ,  i s  t h e  r a t e  o f  e n e rg y  t r a n s f e r  p e r  u n i t  volum e from  e l e c ­
t r o n s  t o  i o n s ,  c h a rg e  ex ch an g e  r a t e  f o r  io n s  c o l l i d i n g
w ith  n e u t r a l s .  The q u a n t i t i e s  x  , x ^  an d  a r e  l i f e t i m e s  f o r  p a r t i c l e s ,  
e l e c t r o n  e n e rg y  an d  io n  e n e rg y  r e s p e c t i v e l y  due t o  t r a n s p o r t  p ro c e s s e s  
su ch  a s  d i f f u s i o n  a n d  th e rm a l  c o n d u c tio n .  P^ i s  io n  c y c lo t r o n  re s o n a n c e  
h e a t i n g  pow er a b s o rb e d  p e r  u n i t  volum e b y  i o n s .
F o r p r e s e n t  p u r p o s e s ,  we s h a l l  assum e t h a t
X n  -  ■C e. = r  =  r
th e n  e q u a t io n s  ( 8 ) an d  C9 ) can  b e  p u t  i n t o  m ore u s e f u l  fo rm  b y  d i f f e r e n ­
t i a t i n g  th e  p ro d u c t  nT and  u s in g  e q . (7)«  We f i n d
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dT0 .  4  £ l * \  % -  Tc n . (<«*>,„„ ♦
• ^ =  j  y\ 3  v  J  U1J
Now t  c o n s i s t s  o f  tw o p a r t s :
i  ,  A  +  = .  < * >
T  T n c  ^
S u b s c r ip t  n c  d e n o te s  n e o c l a s s i c a l  t r a n s p o r t  and  c d e n o te s  c l a s s i c a l  
t r a n s p o r t .  We w i l l  u s e  th e  n e o c l a s s i c a l  d i f f u s i o n  r a t e  b a s e d  on w ork  o f  
K o v riz h n ik h  an d  H a r r i s . I t  i s  g iv e n  by
(13)
a . 2-
w here a  i s  m in o r r a d iu s  o f  t h e  EBT an d  D i s  n e o c l a s s i c a l  d i f f u s i o nnc
c o e f f i c i e n t .  S in c e  d i f f e r e n t  s p e c ie s  d i f f u s e  w i th  d i f f e r e n t  r a t e s ,  l o c a l  
n e t  c h a rg e  c o n c e n t r a t i o n s  a r e  b u i l t  up  i n  a  p la s m a , g iv in g  r i s e  t o  t h e  
a m b ip o la r  e l e c t r i c  f i e l d s  i n  su ch  d i r e c t i o n  a s  t o  e q u a l i z e  th e  l o s s  r a t e s  
o f  d i f f e r e n t  s p e c i e s .  F (E) i s  a  f u n c t io n  o f  a m b ip o la r  e l e c t r i c  f i e l d  E.
R e fe re n c e  15 g iv e s  th e  n e o c l a s s i c a l  d i f f u s i o n  c o e f f i c i e n t  a s :
, _ i ! i   !______
5 \ R t I ^  ( I t
w here Rq i s  t h e  m in o r r a d iu s  o f  c u r v a t u r e , R^ i s  t h e  m a jo r r a d iu s  o f  th e  
t o r u s ,  °C  i s  t h e  s u b s c r i p t  d e n o t in g  s p e c ie s  ( oC = e f o r  e l e c t r o n s ,  e C =  i  
f o r  i o n s ) ,  i s  c o l l i s i o n  f r e q u e n c y  ( f o r  oC =  e ,  *JL  i s  e l e c t r o n - i o n
c o l l i s i o n  f r e q u e n c y ;  f o r  = i ,  i s  i o n - io n  c o l l i s i o n  f re q u e n c y )
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g iv e n  b y  ^  _  C.\ K  j  ^ 2-
f  *  /  N2-
/ ^ o )  g  J j^ J T
(15)
A.n A  i s  Coulomb lo g a r i th m ,  and  m. an d  mQ a r e  io n  an d  e l e c t r o n  m ass
OoC
1 e
r e s p e c t i v e l y .  The a v e ra g e  p o l o i d a l  c u r v a tu r e  d r i f t  f r e q u e n c ie s  jfL
( s e e  a p p e n d ix  B) a r e  g iv e n  by
w here  T ^  a n d  q ^  a r e  t b e  te m p e r a tu r e  an d  c h a rg e  r e s p e c t i v e l y  f o r  s p e c ie s  
. B i s  m ag n itu d e  o f  m a g n e tic  f i e l d .  Y ^  i n  e q . ( l U)  i s  g iv e n  by
7 ,  =  !<■ (1 7 )
in c o r p o r a t e s  g ra d  B an d  c u r v a tu r e  d r i f t s  ( s e e  a p p e n d ix  B) th ro u g h  
th e  m i r r o r  r a d iu s  o f  c u r v a tu r e  Rc , w h ile  E x  B d r i f t s  a r e  in c o r p o r a t e d  
th ro u g h  Y ^  . I t  i s  t h e  e x i s t e n c e  o f  p o l o i d a l  d r i f t s  w h ich  p r e v e n t  th e  
d i s a s t r o u s  r a d i a l l y  o u tw a rd  d r i f t s ,  an d  th u s  p e rm it  t h e  b a s i c  p a r t i c l e  
co n f in e m e n t o f  t h e  t o r o i d a l  p la sm as  i n  EBT.
B. R eso n an t an d  N o n re so n an t P a r t i c l e s
Now th e  E x  B d r i f t  i s  g iv e n  by
e  =  Q e -x b ) /  b 2 - a s )
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w hich  i s  in d e p e n d e n t  o f  th e  s ig n  o f  c h a rg e  o f  t h e  p a r t i c l e ,  w h i le  t h e  
g r a d ie n t  an d  c u r v a tu r e  d r i f t s  i n  m a g n e tic  f i e l d  d r i f t s  a r e  d e p e n d e n t on 
th e  s ig n  o f  c h a rg e  o f  t h e  p a r t i c l e :
72 i
V R  ~  a  -1“   ------- — - a ( 19)
V c  =  -  *  w ll  <20)
0 ^  y ^an d  a r e  t h e  c o n t r i b u t i o n s  t o  t h e  k i n e t i c  e n e rg y  o f  a  p a r t i c l e  
due t o  t h e  com ponents o f  i t s  v e l o c i t y  p e r p e n d ic u l a r  t o  an d  p a r a l l e l  t o  
t h e  m a g n e tic  f i e l d  r e s p e c t i v e l y .
Thus t h e  p o lo i d a l  d r i f t  o f  t h e  c h a rg e d  p a r t i c l e s  i n  bumpy t o r u s  
i s  g iv e n  by
=  ^ £ * 1  +  (21)
—%
When t h e  a m b ip o la r  e l e c t r i c  f i e l d  i s  d i r e c t e d  r a d i a l l y  in w a rd , i s
i n  + 0  d i r e c t i o n  f o r  b o th  io n s  an d  e l e c t r o n s .  F o r i o n s ,* v  B , i  c , i *
a r e  d i r e c t e d  i n  t h e  - 0  d i r e c t i o n .  W hile  f o r  e l e c t r o n s  V + \>v B , e  c , e
a r e  d i r e c t e d  i n  a  + 8  d i r e c t i o n .  S ee  F ig u re  6 . Thus when a m b ip o la r  
e l e c t r i c  f i e l d  i s  n e g a t iv e  i n  EBT, p o l o i d a l  d r i f t  v e l o c i t y  o f  d i f f e r e n t  
g ro u p s  o f  io n s  can  v a n is h  d e p e n d in g  upon t h e  l o c a t i o n  o f  e a ch  i n d i v id u a l  
g ro u p  i n  v e l o c i t y  s p a c e .  P a r t i c l e s  a r e  s a i d  t o  b e  r e s o n a n t  when t h e i r  p o lo id ­
a l  d r i f t  v a n i s h e s .  The t r a n s p o r t  p r o c e s s e s  f o r  r e s o n a n t  p a r t i c l e s  a r e  
c r i t i c a l l y  d ep e n d en t upon t h e i r  l o c a t i o n  i n  v e l o c i t y  s p a c e .  T h is  means
29
t h a t  f l u i d  e q u a t io n s  o f  m o tio n  a r e  som ewhat in a d e q u a te  i n  t h i s  c a s e ,  
s in c e  t h e  p a r t i c l e  l o s s e s  a r e  k i n e t i c  i n  o r i g i n .  The p ro b lem  o f  r e s o n a n t  
l o s s e s  i n  t o r o i d a l  EBT g eo m etry  i s  n o t  f u l l y  s e t t l e d  y e t .  E x p e r im e n ta l ly ,  
th e  dom inan t l o s s  m echanism  i s  a t t r i b u t e d  t o  n e o c l a s s i c a l  n o n re s o n a n t  l o s s .  
T h e re fo re  we w i l l  u s e  n e o c l a s s i c a l  t r a n s p o r t  c o e f f i c i e n t  f o r  n o n re s o n a n t  
p a r t i c l e s  an d  s p e c i f y  E ( o r  <  ^ , t h e  a m b ip o la r  e l e c t r o s t a t i c  p o t e n t i a l  on 
t h e  a x i s  w ith  (f> = 0 a t  p la sm a  b o u n d a ry ) a s  a  c o n t r o l  p a r a m e te r .  T h is  
f r e e s  us from  h a v in g  t o  s p e c i f y  a  n e o c l a s s i c a l  l o s s  r a t e  f o r  r e s o n a n t  
p a r t i c l e s .  When t h e  a m b ip o la r  e l e c t r i c  f i e l d  i s  r a d i a l l y  in w a rd , we can  
a p p ro x im a te  E by -d<f> / d r  n s ty /a ., w here we h av e  r e p la c e d  th e  s p a t i a l  
d e r i v a t i v e  d / d r  by  - ( l / a ) .  T h u s, when i s  n e g a t i v e ,  e q u a t io n s  (1 8 ) t o  
(.2 1 ) show t h a t  io n s  a r e  r e s o n a n t  an d  e l e c t r o n s  a r e  n o n re s o n a n t  an d  v i c e  
v e r s a  when ^ > 0 .  The f a c t o r  F(E) i n  e q u a t io n  (1 3 ) i s  g iv e n  b y  
( l  + a q ^ E /T  ) .  T h e r e f o r e ,
a m b ip o la r  e l e c t r o s t a t i c  p o t e n t i a l s  h av e  b ee n  fo u n d  e x p e r im e n ta l ly  t o  b e
( 2 2 )
U n t i l  now EBT h a s  b ee n  o p e r a te d  w i th  m in im al am ount o f  io n  c y c lo ­
t r o n  h e a t in g  (ICRH) so  a s  t o  i n c r e a s e  io n  te m p e r a tu r e  ( P .< .«  and
q jQ
n e g a t iv e  * ( s e e  a l s o  F ig u r e s  3 ( e ) ,  3 ( f ) ) .
C. The P o in t  Model
The l i f e t i m e  due t o  c l a s s i c a l  t r a n s p o r t  i s  g iv e n  by
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r r *  = .  3 ) c
c a.2- (23)
w here Dq d e n o te s  t h e  c l a s s i c a l  p a r t i c l e  d i f f u s i o n  c o e f f i c i e n t  w h ich  i s
2k
t h e  same f o r  e l e c t r o n s  an d  io n s  an d  i s  g iv e n  by
T > c  =  d t  ( 2M
w here  a o i s  e l e c t r o n  g y r o r a d iu s ,
I 7
(25)
U  i s  e l e c t r o n  io n  c o l l i s i o n  f re q u e n c y  an d  t o ce  i s  e l e c t r o n  c y c lo t r o n  
f r e q u e n c y , g iv e n  b y
^ c e  ~  w \ t  ^
V  ^  i s  g iv e n  b y  e q . ( 1 5 ) .  The r a t e  o f  pow er t r a n s f e r  from  e l e c t r o n s  t o
2ki o n s ,  P . ,  i s  g iv e n  by
= < % )» T‘)
From t h e  e x p r e s s io n  ch o sen  f o r  •c, i t  can  b e  s e e n  t h a t  we have
assum ed t h a t  each  p a r t i c l e  o f  s p e c ie s  j , a s  i t  e s c a p e s  by  d i f f u s i o n
a c r o s s  t h e  m a g n e tic  f i e l d ,  c a r r i e s  w i th  i t  i t s  e n e rg y  3 /2  T an d  t h a t  t h i s
i s  t h e  p r i n c i p a l  e n e rg y  t r a n s p o r t  m echanism . We have  a l s o  assum ed t h a t
e l e c t r o n s  a n d  io n s  d i f f u s e  a t  t h e  same r a t e .  depends upon a m b ip o la r
e l e c t r i c  f i e l d  E w h ich  i s  n o t  s e l f  c o n s i s t e n t l y  d e te rm in e d  b y  o u r  u s e  o f
th e  p o in t  m o d e l.-  We w i l l  t r e a t  E , o r  m ore p r e c i s e l y ,  e f / T ,  a s  an  e x t e r n a l
p a r a m e te r  t o g e t h e r  w i th  f i l l i n g  d e n s i ty  n  , m icrow ave pow er P.. , andU /*■
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ICRH power P^. ^ ^ ) cx  a r e  s lo w ly  v a r y in g  f u n c t io n s  o f
25te m p e r a tu r e .  F o r  s i m p l i c i t y ,  we w i l l  t r e a t  th em  as c o n s t a n t s .
E x p e r im e n ta l ly ,  e l e c t r o n  o r  io n  te m p e r a tu r e s  i n  EBT a r e  o f
12 —3o r d e r  o f  100 eV, t o r o i d a l  p la sm as  num ber d e n i s ty  <>*/ 10 cm , an d  c h a rg e d
_3
p a r t i c l e  l i f e t i m e s  10 s e c  f o r  a m b ien t p r e s s u r e s  t h a t  i n d i c a t e  n e u t r a l
Q ^ 26
p a r t i c l e  d e n s i ty  o f  o r d e r  10 cm . T y p ic a l ly  a  m icrow ave pow er o f  10 kw
5 *3i s  a b s o rb e d  in  a  volum e o f  ^ x  10 cm . I t  i s  c o n v e n ie n t  t o  in t r o d u c e  
d im e n s io n le s s  EBT u n i t s  w ith
T '
T.
1
i n u n i t s o f 100 eV
n i n u n i t s o f 1012 cm- 3
no i n u n i t s o f 1011 cm-3
t i n u n i t s o f 10 s e c .
P.
1
i n u n i t s  o f  10kw A  x  10 cm'
15F o r a l l  c a l c u l a t i o n s  p r e s e n te d  h e r e ,  we w i l l  u se  t h e  v a lu e s
B = 0 . 6 5  T e s la
Rt  = 1 .5  m
R = 1 .8 8  m c
a  = 0 .1
(LwA = 1 7
<*V> = <tfV> = 3 .5  X  lO ” 1 ^ m3 / sio n  '  cx
mg/m  ^ = I/1836 .
U sin g  t h e s e  v a l u e s ,  we can  o b t a i n  t h e  e x p r e s s io n  f o r  =
1 ^ + u ^  e i t h e r  f o r  n o n re s o n a n t  e l e c t r o n s  o r  io n s  from  e q s .  ( 1 2 ) t o
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( 1 7 ) ,  (22)  and  (23)  t o  ( 2 6 ) .  The e x p r e s s io n  f o r  t - '*' so  o b ta in e d  can  
th e n  b e  u s e d  i n  e q . ( 7 ) .  E q u a tio n s  ( 7 ) ,  (1 0 ) an d  ( l l ) ,  i n  d im e n s io n le s s  
(EBT) u n i t s  th e n  d e te rm in e  t h e  t im e  e v o lu t io n  o f  t h e  p la sm a  d e n s i ty  n  
an d  te m p e r a tu r e s  Tg an d  Th . I n  t h e  fo l lo w in g  c h a p t e r s , we w i l l  s tu d y  th e  
e q u i l i b r i a  and  t im e  d ev e lo p m en t o f  th e s e  e q u a t io n s .
V. EQUILIBRIA FOR POINT MODEL WITH ELECTRONS
A. P o in t  Model E q u a tio n s  w i th  N e o c la s s ic a l  N o n re so n an t E le c t r o n s
As m en tio n e d  B e f o r e ,  i n  t h e  a b s e n c e  o f  ICRH (P^ = 0 ) ,  t h e  am- 
b i p o l a r  e l e c t r o s t a t i c  p o t e n t i a l  i n s i d e  t h e  t o r o i d a l  c o re  p la sm a  h as  
"been e x p e r im e n ta l ly  fo u n d  t o  b e  n e g a t iv e  an d  th e  e l e c t r o n  t r a n s p o r t  i s  
d o m in a ted  by  n e o c l a s s i c a l  n o n re s o n a n t  e f f e c t s .  We th u s  c o n s id e r  t h e  p o in t  
m odel e q u a t io n s  f o r  t o r o i d a l  c o r e  p la sm a  w i th  n e o c l a s s i c a l  n o n re s o n a n t  
e l e c t r o n s  w i th  n e g a t iv e  e ^ / T g a s  a  p a r a m e te r .  As m en tio n e d  i n  t h e  l a s t  
c h a p te r  t h i s  f r e e s  u s from  h a v in g  t h e  s p e c i f y  t h e  r e s o n a n t  io n  t r a n s p o r t  
c o e f f i c i e n t .  In  t h i s  c a s e  t h e  p o in t  m odel e q u a t io n s  a r e :
( 28 )
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a ^ ,  c ^ ,  c ^ j  c ^ j  and  c,. a r e  c o n s t a n t s .  E x p e r im e n ta l ly ,^ * — c o n s ta n t  =
- 0 .6  EBT u n i t s  i n  t h e  T m ode.2 ^ S ee F ig u re  3 ( e ) .
I n  t h e  la n g u a g e  o f  c a ta s t r o p h e  t h e o r y ,  x  = ( n ,  T , T . ) i s  t h e
—>
s t a t e  o r  b e h a v io r  v e c to r  an d  »<. = ( , n Q, P , P^) i s  t h e  c o n t r o l  v e c to r .
B. M ethod f o r  O b ta in in g  E q u i l i b r i a
Our aim  i s  t o  d e te rm in e  th e  e q u i l i b r iu m  s t a t e  v e c to r  x  a s  a  
—>
f u n c t io n  o f  c o n t r o l  v e c to r  . To t h i s  e n d ,  d e f in e  two new v a r i a b l e s  x 
an d  y  a s
W  T e .5 /z  > 0  <3 1 )
^  “  T c  / ' >  °  (32)
The e q u i l ib r iu m  s o l u t io n s  ( i . e . ,  d / d t  s  0 ) ,  from  e q . ( 2 8 ) ,  s a t i s f y
*\.<tfv>,.w  — a y*Te _  q , x T ^  = o  ,33,
( U q ^ )
From e q s .  (.29) an d  ( 3 0 ) ,  w i th  d / d t  »  0 ,  we g e t  ( n o te  t h a t  we h a v e  assu m ed , 
f o r  s i m p l i c i t y ,  « V> io n  = <rfV> c , r, w h ich  i s  a  r e a s o n a b le  a s su m p tio n  
b a s e d  on e x p e r im e n ta l  m easu rem en ts  o f  t h e s e  c r o s s  s e c t i o n s )
Te = k/x C3M
w here
35
and
R = ( ^ - P O / c ^ + f t j  (36)
S /2
c l e a r l y  - 1  $  R ^  1 .  S in c e  0 ,  P ^ > 0 ,  x  = n /T e  >  0 ,  y  = T^ /T e >  0
an d  R <  1 ;  one can  d i s t i n g u i s h  f o u r  p o s s i b i l i t i e s  a r i s i n g  o u t  o f  e q . ( 3 5 ) :
( i ) When P^ = 0 ,  th e n  R = 1 an d  0 ^  y  <  1 ( i . e . ,  Ti <  T )
( i i )  When = P ^ , th e n  R = 0 and 1 /2  < y  < 1 ( i . e . ,  T^ <  Tg )
( i i i )  When P^> Pi , th e n  0 <  R <  1 an d (l/2 )f l-F > /|l+ R )<  y  C 1  ( i . e . ,  Ti <  T j
( i v )  When ^  <. P ^ ,  t h e r e  a r e  two p o s s i b i l i t i e s :
( a ) | ^ f <  y  < i ;  -  1 / 3  < R ^  0 ( i . e . ,  T . <  T0 )
( b )  1 < y  < - 1  < R < - 1 / 3  ( i . e . ,  T. >  T j .
T h is  a n a ly s i s  im m e d ia te ly  p o i n t s  to w a rd s  some im p o r ta n t  f e a t u r e s  
o f  e q u i l i b r i a .  F i r s t ,  when ICRH i s  a b s e n t  (P^ = 0) o r  when e l e c t r o n  cy­
c l o t r o n  h e a t i n g  i s  l a r g e r  th a n  io n  c y c lo t r o n  h e a t i n g  ( ^  >  P^ ) »  io n  
te m p e r a tu r e s  T^ c a n n o t e x c e e d  e l e c t r o n  te m p e r a tu r e s  Tg . Even when
P^a. = P . o r  P^ >  P ^  , i t  i s  n o t  n e c e s s a ry  t h a t  T^ >  Tg . O nly  when
R <  - 1 / 3 ,  T^ y  Tg . T h is  asym m etry b e tw een  P ^  and  P^ a r i s e s  due t o  asym­
m e t r i e s  i n  t h e  s ig n  o f  t h e  te rm  P y and  c o e f f i c i e n t s  o f  T n„  a n d  T . n .  i ne i  e  0 l  0
e q s .  ( 29)  a nd  (30)  r e s p e c t i v e l y .  P h y s i c a l l y ,  t h i s  i s  b e c a u s e  i o n s  lo o s e  
e n e rg y  due t o  c h a rg e  exchange  i n  c o l l i s i o n s  w i th  n e u t r a l s , w h i le  e l e c ­
t r o n s  do n o t  ( s e e  e q .  ( 8 ) and  ( 9 ) ) .  The f a c t o r  1 /2  comes from  t h e  c h o ic e
= < tfV > so  t h a t  / ( < r f V > .  + < ^V >  ) = 1 / 2 .  In' i o n  ' c x  ' i o n  io n  cx
s h o r t ,  u n le s s  (P ./P u . ) >  2 ,  T. c a n n o t e x c e e d  T .l  “  l  e
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S u b s t i t u t i n g  Tg = k / x  i n  e q . (3 3 ) y i e l d s  a  c u b ic  i n  x :
=  o  (37)
w here t h e  c o e f f i c i e n t s  B. a r e
i
=  y \ c  't>v> ^
B j ,  _  k *
6 ,  =  A.  ^  a ,
6 * . =  -  k i < x 3
From t h e  n u m e r ic a l  s o l u t io n  o f  t h e  c u b ic  e q . ( 3 7 ) ,  we a lw ay s f i n d  t h a t  
t h e r e  i s  o n ly  r e a l  p o s i t i v e  r o o t  o f  e q . (37)  f o r  x .  S in c e  we r e q u i r e  
x  > 0 , we can  d e te rm in e  ( f r o m  g iv e n  ^  ^  an d  y )
T e  -  ^ / ) c  (38)
n -  ( 3 9 ,
T c =  ^ T«. ( b 0 )
P a n d  can  th e n  b e  d e te rm in e d  from  t h e  e q u i l ib r iu m  s o l u t i o n  o f  
e q s . ( 2 9 ) a n d  ( 3 0 ) .
^  < ^ > , 0 ^  ( . a ,
and
pC -  I  L -  c <  ^ (U2)
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T h is  d e te rm in e s  t h e  e q u i l ib r iu m  v a lu e s  o f  s t a t e  v e c to r
-5> r>»
x = ( n ,  Tg , T^) a s  a  f u n c t io n  o f  t h e  c o n t r o l  v e c to r  «< = (<*», n , P , P . ) .
C. E q u i l i b r i a  i n  A bsence o f  ICRH an d  T h e i r  C om parison  w i th  E x p e rim e n ts
In  t h i s  s e c t i o n ,  th e  e q u i l ib r iu m  s o l u t io n s  o f  p o in t  m odel eq u a­
t i o n s  w i th  n e o c l a s s i c a l  n o n re s o n a n t  e l e c t r o n s  i n  t h e  a b se n c e  o f  io n  
c y c lo t r o n  re s o n a n c e  h e a t i n g  (ICRH) w i l l  b e  d i s c u s s e d .  I n  t h i s  c a s e ,
P . = 0 o r  R = 1 . E x p e r im e n ta l ly  e ^ / T g — - 0 . 6  and  n^  0 .0 1  EBT u n i t s .
In  F ig u re  7 we show th e  b e h a v io r  o f  t h e  e q u i l ib r iu m  s u r f a c e  l o g  
Tg a s  a  f u n c t io n  o f  c o n t r o l  p a r a m e te r s  lo g  and  <p = e <p / Tg f o r  f ix e d  
b a c k g ro u n d  n e u t r a l  d e n s i t y  n^ = 0 .0 1 .  A rrow s on e q u i l i b r iu m  t r a j e c t o r i e s  
i n d i c a t e  t h e  d i r e c t i o n  o f  T ^/T  i n c r e a s i n g ,  and  t h e  b ro k e n  c u rv e s  i n d i c a t e  
th e  u n s t a b l e  s h e e t .  We w i l l  a l s o  u s e  t h i s  c o n v e n tio n  i n  l a t e r  c h a p te r s .
The e q u i l ib r iu m  t r a j e c t o r i d s  f o r  s t a t e  v a r i a b l e s  ( n ,  Tg , T^) v e r s u s  t h e
A /
c o n t r o l  p a r a m e te r  P ^ .  a t  f i x e d  <p = - 0 .6  f o r  v a r io u s  f i l l i n g  d e n s i t i e s
n Q a r e  shown i n  F ig u re  8 . N ote t h a t  t h e r e  i s  o n ly  one f o l d  i n  t h e  e q u i -
28 29l i b r i u m  t r a j e c t o r i e s ,  a s  i n  t h e  e le m e n ta ry  cu sp  c a t a s t r o p h e .  * Now 
from  F ig u re  3(b )  show ing  e x p e r im e n ta l  p r o f i l e s  o f  e l e c t r o n  l i n e  d e n s i ty  
n g Jt f o r  d i f f e r e n t  v a lu e s  o f  P^. a s  a  f u n c t io n  o f  f i l l i n g  p r e s s u r e  p ^ ,  
one can  s e e  t h a t  f o r  i n c r e a s i n g  n^ ( r e l a t e d  t o  Pq by  i d e a l  g a s  l a w ) ,  M 
t o  T a n d  T t o  M t r a n s i t i o n s  o c c u r  a t  i n c r e a s i n g l y  h ig h e r  v a lu e s  o f
P ^  . A ls o ,  e x p e r im e n ta l ly  i t  i s  o b s e rv e d  t h a t  f o r  t h e  M , T an d  C
modes o f  o p e r a t i o n s ,  e l e c t r o n  te m p e r a tu r e  Tg i n  t h e  M mode i s  h ig h e r  
th a n  i n  T mode w h ich  i n  t u r n  i s  h ig h e r  th a n  Tg i n  C mode ( i . e .
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T ( M ) T ( T ) >  T ( C ) ) .  E x p e r im e n ta l ly ,  t h e  T - *  C t r a n s i t i o n  
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i s  q u i t e  sm ooth  w h ile  t h e  M -> T t r a n s i t i o n  i s  a b r u p t  i n  and
te m p e r a tu re s  T h, Tg ( s e e  C h a p te r  I I )
We can  th u s  i d e n t i f y  th e  to p  s h e e t  i n  F ig u re  7 [T^/Te - * 0  as  
P..** °® ] w i th  t h e  e x p e r im e n ta l  M mode an d  t h e  b o tto m  s h e e t  w ith  T
r *
mode w hich  sm o o th ly  m erges i n t o  C mode [ T . / T  - » 1  a s  Pi*“ >  0 ] .  Thus
i  e
i n  F ig u re  8 to p  s h e e t  i n  lo g  Tg v s .  l o g  , l o g  ^  v s P^ and  b o tto m
s h e e t  i n  lo g  n v s .  l o g  P.. c u rv e s  [ T . / T  ->  0 a s  P ..-^  ] can  b e  i d e n t i f i e di  e r
w ith  t h e  e x p e r im e n ta l  M m ode; and  t h e  b o tto m  s h e e t  i n  l o g  Tg v s  Py. ,
l o g  T. v s .  IL  and  to p  s h e e t  i n  lo g  n  v s .  lo g  R*. [ T . / T  -*> 1 a s  R » .-* 0 ]  a i r  i  e /
c u rv e s  w i th  e x p e r im e n ta l  T mode sm o o th ly  m erg in g  i n t o  C mode.
We w i l l  v e r i f y  l a t e r  t h a t  t h e  t im e  e v o lu t io n  o f  t h e  p o in t  m odel 
e q u i l i b r i a  fo l lo w  th e  d e la y  c o n v e n tio n  (w i th  h y s t e r e s i s  e f f e c t s  e t c . )  an d  
t h a t  t h e  m id d le  s h e e t  i s  u n s t a b l e .  T h is  b e h a v io r  i s  a l s o  s e e n  ex p e rim en ­
t a l l y  an d  f u r t h e r  j u s t i f i e s  th e  s h e e t  i d e n t i f i c a t i o n  modes w ith  t h o s e  o f  
t h e  e x p e r im e n ts .
We can  l i n e a r i z e  t h e  p o in t  m odel e q u a t io n s  a b o u t t h e  e q u i l i b r i a  
■jf ta ssu m in g  e t im e  d ep e n d en ce . In  t h e  c a s e  o f  g r a d ie n t  dynam ic sy s tem s
i t  can  b e  shown t h a t  t h e  g ro w th  r a t e s  ( T f ' s )  i n  t h e  l i n e a r i z e d  e q u a tio n s
o f  m o tio n  a r e  a lw ay s  r e a l ;  an d  a lo n g  t h e  f o l d  c u rv e s  o f  t h e  b e h a v io r  s u r -
30fa c e  one o r  m ore o f  X ' s  i s  z e r o .  T h is  means t h a t  a  f o l d  c u rv e  s e p a r a t e s  
a  s t a b l e  s h e e t  o f  b e h a v io r  s u r f a c e  ( Tf <  0) from  an  u n s t a b l e  s h e e t  ( X >  0 ) .  
So t h e  u n s t a b l e  s h e e t  w i l l  j o i n  s t a b l e  s h e e t s .  T h is  r e s u l t  n eed  n o t  b e  
t r u e  f o r  n o n - g r a d ie n t  dynam ic s y s te m s , s in c e  i f  "X i s  com plex , i t s  r e a l  
p a r t  can  p a s s  th ro u g h  z e ro  w ith o u t  X  i t s e l f  p a s s in g  th ro u g h  z e r o .  Thus
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s t a b l e  an d  u n s t a b l e  s h e e ts  a r e  n o t  n e c e s s a r i l y  s e p a r a t e d  by  f o l d  c u rv e s  
f o r  n o n - g r a d ie n t  dynam ic s y s te m s . H ow ever, b o th  t im e  e v o lu t io n  ru n s  
( d e s c r ib e d  i n  C h a p te r  V II)  an d  a  l i n e a r  s t a b i l i t y  a n a l y s i s  show t h a t  th e  
s t a b l e  s h e e ts  an d  u n s t a b l e  s h e e t s  a r e  s e p a r a t e d  by f o l d  c u rv e s  f o r  t h e  
p o in t  m odel e q u a t io n s .
P*-*
From F ig u re  9 ,  on i n c r e a s i n g  ( a t  f i x e d  n^ an d  <p ) ,  we f i n d  
an  a b ru p t  T M t r a n s i t i o n  a t  y  = T ^/T g = 0 . 7 5  w i th  n  d e c r e a s in g ,  Tg 
i n c r e a s i n g  i n  t h e  t r a n s i t i o n .  F o r t h e s e  v a lu e s  o f  t h e  c o n t r o l  p a r a m e te r s ,  
T^ h a s  o n ly  a  s m a l l  i n c r e a s e  i n  t h s  t r a n s i t i o n  (com pare  w i th  F ig u re  3 ( b ) ) .  
On d e c r e a s in g  an d  u s in g  d e la y  c o n v e n tio n ,  h y s t e r i s i s  i s  o b s e rv e d  w ith  
t h e  t r a n s i t i o n  from  t h e  M mode now o c c u r in g  a t  a  mucy lo w e r  v a lu e  o f  
Py^, w ith  I h /T e 02 0 .0 3 .  T hese t r a n s i t i o n s  and  h y s t e r i s i s  h av e  b e e n  ob­
s e r v e d  e x p e r im e n ta l ly .  As t h e  f i l l i n g  d e n s i ty  n^ i n c r e a s e s ,  b o th
T M an d  M —> T t r a n s i t i o n s  move t o  l a r g e r  , i n  ag reem en t w ith
0 33 0 22ex p e rim e n t w ith  n „ o t  P ^  a t  T M t r a n s i t i o n s  an d  n„ «< P .. *
0 r  O r
f o r  M -*  T t r a n s i t i o n s  from  o u r  c a l c u l a t i o n s  (fro m  F ig u re  3 ( a )  we se e
0 5t h a t  e x p e r im e n ta l ly  t h e s e  t r a n s i t i o n s  s c a le  a s  p n ^C P,-. ) .  I t  s h o u ld
0 r
b e  n o te d  i n  p a s s in g  t h a t  we can  a l s o  i n t e r p r e t  t h e  jump from  u p p e r  s h e e t
( o f  lo g  T v s .  l o g  P .^ . c u r v e ,  F ig u re  9 ( b ) )  t o  t h e  b o tto m  s h e e t  a s  an  e r
M —* C t r a n s i t i o n  r a t h e r  th a n  an  M T t r a n s i t i o n  s in c e  a f t e r  t h i s  
jump T ^ , Tg « l  w h ich  a r e  t h e  t y p i c a l  e x p e r im e n ta l  C mode t e m p e r a tu r e s .  
F ig u r e s  7 an d  8 show t h a t  i n  C mode Tg «  1 .  T h is  m eans t h a t  i n  C 
m ode, < J> «  1 ( s i n c e  e ^ / T g = c o n s t a n t ) .  T h is  i s  a l s o  i n  good ag reem en t 
w i th  e x p e r im e n t ( s e e  C h a p te r  I I  and  r e f .  2 7 ) .  Thus t h e  q u a l i t a t i v e  a g r e e ­
m ent w i th  e x p e r im e n ts  i s  q u i t e  g o o d , ev en  f o r  su ch  a  p r i m i t i v e  c h o ic e  o f
l+o
n e o c l a s s i c a l  t r a n s p o r t  c o e f f i c i e n t  an d  o u r  c ru d e  a p p ro x im a tio n  on r a d i a l  
g r a d i e n t s .
The r e s u l t s  o b ta in e d  from  a  d e t a i l e d  e x a m in a tio n s  o f  th e s e  
e q u i l i b r i a  a r e  sum m arized  i n  T a b le  3 and  1+. I n  T a b le  3 , t h e  s t a r r e d  
q u a n t i t i e s  i n d i c a t e  t h e  v a lu e s  o f  t h e s e  q u a n t i t i e s  a t  a  p a r t i c u l a r  t r a n ­
s i t i o n .  In  T a b le  3 , c o n s id e r  t h e  colum n u n d e r  t h e  h e a d in g  e ^ / T  . 
e<j>/Te ^  m eans t h a t  we w i l l  exam ine t h e  b e h a v io r  o f  q u a n t i t i e s  a s  e 4  /T
d e c re a s e s  w i th  n^ f i x e d .  I n  t h e  colum n u n d e r  e<^ / Te , we s e e  t h a t  
*
^  f o r  T —^  M t r a n s i t i o n .  T h is  means t h a t  a s  e^> /T g i s  d e c r e a s e d ,
t h e  T M t r a n s i t i o n  o c c u rs  a t  i n c r e a s i n g l y  h ig h e r  v a lu e s  o f  t h e
m icrow ave pow er 1^, . The Pow er Law colum n shows t h e  r e l a t i o n s h i p  b e tw een
n^ an d  P^, a t  t h a t  p a r t i c u l a r  t r a n s i t i o n .
From T ab le  3 we s e e  t h a t  a s  e i / T  d e c r e a s e s , t h e  T M and1 e
M ->  T t r a n s i t i o n s  o c c u r  a t  i n c r e a s i n g l y  h i g h e r  v a lu e s  o f  1^*, , Tg and
T^ a t  f i x e d  f i l l i n g  p r e s s u r e  n g . B ut t h e  T —■» M t r a n s i t i o n  o c c u rs  a t
lo w e r  v a lu e s  o f  n ,  and  th e  M T t r a n s i t i o n  a t  h ig h  v a lu e s  o f  n a s
e $ / T e i s  re d u c e d  k e e p in g  ng f i x e d .  B o th  t h e  T M an d  th e  M —> T
t r a n s i t i o n s  o c c u r  a t  i n c r e a s i n g l y  h ig h e r  v a lu e s  o f  P ^ , T , T^ and  n a s
th e  c o n t r o l  p a r a m e te r  n ^  i s  i n c r e a s e d  k e e p in g  e ^ / T e f i x e d .  A gain  t h i s
b e h a v io r  a g r e e s  w ith  e x p e r im e n t .  V a lu es  o f  n^ and  P ^ , a t  w h ich  T M
0 .3 3t r a n s i t i o n  o c c u rs  a r e  r e l a t e d  b y  th e  pow er law  n  oC P ^  * . Power law0
0 22 0 5f o r  t h e  M T t r a n s i t i o n  i s  n^ * . E x p e r im e n ta l ly ,  n^ °<
f o r  b o th  t r a n s i t i o n s  ( s e e  F ig u re  3 ( a ) ) .  T hese  r e s u l t s  h av e  o b v io u s  im p l i ­
c a t i o n s  .
To g a in  h ig h  d e n s i t y  an d  te m p e r a tu r e s  i n  q u ie s c e n t  T mode, 
t h e  f i l l i n g  p r e s s u r e  a n d  m icrow ave pow er s h o u ld  b e  r a i s e d .  I n  t h e  T
Ill
m ode, t h e  e f f e c t  o f  lo w e re d  e ^ / T g i s  m ix ed ; i t  r e s u l t s  i n  h i g h e r  te m p e ra ­
t u r e s  h u t  lo w e r  d e n s i t y .  I f  t h e  p la sm a  i s  a l r e a d y  i n  M m ode, a  jump 
t o  T mode w ith  h ig h  te m p e r a tu r e s  and  d e n s i ty  can  h e  made i f  t h e  f i l l i n g  
p r e s s u r e  an d  m icrow ave pow er a r e  s u f f i c i e n t l y  h ig h  o r  e<£ /T  i s  s u f f i c i e n t l y  
lo w .
T a h le  U sum m arizes t h e  d i s c o n t in u o u s  jum ps i n  t h e  s t a t e  v a r i a b l e s
d u r in g  t h e  tw o t r a n s i t i o n s  ( f o r  s m a l l  v a r i a t i o n s  i n  P.*, ) a t  f i x e d  v a lu e s
rc**
o f  t h e  c o n t r o l  p a r a m e te rs  n^ and  <$> = e<j) /Te . I t  can  h e  s e e n  from  t h i s
t a h l e  t h a t  i n  t h e  M T t r a n s i t i o n  n  i n c r e a s e s  w h ile  T an d  T. d e -e 1
c r e a s e .  W h ile  i n  t h e  T M t r a n s i t i o n ,  n  w i l l  d e c r e a s e  w h i le  Tg w i l l  
i n c r e a s e .  However T^ may e i t h e r  i n c r e a s e  o r  d e c re a s e  d e p e n d in g  on  t h e  
p a r t i c u l a r  c h o ic e  o f  t h e  p a r a m e te r s .  T h is  o c c u rs  b e c a u s e  t h e  e q u i l i b r iu m  
p r o f i l e  f o r  i s  c o n v o lu te d  ( F ig u re  8 an d  9 c ) .  Thus i t  i s  p o s s i b l e  f o r  
t h e  io n  te m p e r a tu r e  T^ t o  d e c r e a s e  i n  b o th  ( T M and  M — * T ) t r a n ­
s i t i o n s .  T h is  does n o t  happen  w i th  t h e  num ber d e n s i ty  n  o r  e l e c t r o n  
te m p e r a tu r e  T .
T a b u la t io n s  l i k e  T a b le  3 and  k w i l l  b e  u s e d  t o  sum m arize  r e ­
s u l t s  i n  f u t u r e  c h a p te r s  and  t h e i r  i n t e r p r e t a t i o n  w i l l  b e  s i m i l a r  t o  w hat 
we h av e  done h e r e .
D. E q u i l i b r i a  w i th  ICRH
V ery r e c e n t l y  io n  c y c lo t r o n  re s o n a n c e  h e a t i n g  h a s  b e e n  i n t r o ­
d uced  i n t o  t h e  EBT ex p e rim e n t a t  ORNL, b u t  t h e  p r e s e n t  l e v e l  o f  ICRH 
pow er i s  q u i t e  lo w . P la n s  a r e  underw ay t o  r a i s e  ICRH pow er d e n s i t y  t o  
a  l e v e l  co m p arab le  t o  ECH pow er d e n s i t y .  H ow ever, a s  t h e  ICRH pow er
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d e n s i t y  'becomes co m p arab le  t o  ECH pow er d e n s i t y ,  i t  i s  u n c e r t a i n  a s  t o  
w ha t w i l l  b e  t h e  e f f e c t  on  t h e  a m b ip o la r  e l e c t r i c  f i e l d  -  w i l l  i t  b e  
p o i n t in g  r a d i a l l y  i n  o r  r a d i a l l y  o u t ,  e t c .  As m e n tio n e d  e a r l i e r ,  t h i s  h a s  
im p o r ta n t  i m p l i c a t io n s  f o r  r e s o n a n t /n o n r e s o n a n t  p a r t i c l e  t r a n s p o r t .
rv
I n  t h i s  c h a p te r ,  we s h a l l  assum e t h a t  = e<f>/ Tg re m a in s  n eg a ­
t i v e  th ro u g h o u t  th e  p la sm a  an d  c o n s id e r  t h e  e q u i l i b r i a  f o r  t h e  p o in t  
m odel e q u a t io n s  ( 2 8 ) - ( 3 0 )  i n  t h e  p re s e n c e  o f  ICRH (P  f  0 ) .  E q u i l i b r i a  
f o r  t h e  c a s e  o f  a m b ip o la r  e l e c t r i c  f i e l d  b e in g  p o s i t i v e  ( ^  = e ^ / T g >  0 ) 
w i l l  b e  c o n s id e r e d  i n  t h e  n e x t  c h a p te r .  The p o in t  m odel c a n n o t h a n d le  
t h e  ch an g e  i n  t h e  s ig n  o f  a m b ip o la r  f i e l d  i n s i d e  t h e  p la sm a .
Now t h e  p a r a m e te r  R = (P ^ . -  P ^ ) / ( P ^ .  + P^) i s  c o n s t r a in e d  by 
- 1  ^  R ^  1 .  When R <  - 1 / 3 ,  io n  te m p e r a tu r e  T^ >  Tg an d  th e  r a t e  o f  e n e rg y  
t r a n s f e r  from  e l e c t r o n s  t o  io n s  becom es n e g a t i v e ,  i . e .  P ^  <  0 i n  
e q s .  ( 29)  an d  ( 3 0 ) .  T h e rm o d y n a m ic a lly , we h av e  a  p h y s i c a l  sy s te m  con­
s i s t i n g  o f  tw o g a s e s  -  an  e l e c t r o n  g as  and  an  io n  g a s .  A c c o rd in g  t o  
p o in t  m o d e l, t h e  te m p e r a tu r e  o f  e a c h  g as  i s  u n ifo rm  th ro u g h o u t  i t s  b u lk .  
T hese  g a s e s  ex ch an g e  e n e rg y  v i a  c o l l i s i o n s .  When th e  te m p e r a tu r e  o f  t h e  
io n s  i s  h ig h e r  th a n  t h a t  o f  t h e  e l e c t r o n s ,  io n s  w i l l  g iv e  e n e rg y  t o  e l e c ­
t r o n s  , an d  h en c e  P . <  0 .e i
F ig u re  10 a , b ,  show t y p i c a l  e q u i l ib r iu m  t r a j e c t o r i e s  o f  t h e
s t a t e  v a r i a b l e s  n ,  Tg a n d  T^ a s  f u n c t io n s  o f  c o n t r o l  p a r a m e te r s  and
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P^ f o r  f i x e d  v a lu e s  o f  c o n t r o l  p a r a m e te r s  n ^ ,  <p and  R f o r  t h e  c a s e  
T^ <. Tg . [F o r  t h e s e  c u r v e s ,  R = 0 .5  o r  = 3 P ^ . ]  F ig u re  11 shows t h e  
c o r re s p o n d in g  e q u i l ib r iu m  t r a j e c t o r i e s  f o r  f i x e d  n ^ ,  ^  and R f o r  t h e  
c a s e  T^ >  Tg . [H ere R = - 0 .5  o r  = 1 /3  P^.] We im m e d ia te ly  n o te  t h a t
t h e  e q u i l i b r iu m  s u r f a c e  h a s  a g a in  o n ly  one f o l d .  The e q u i l ib r iu m  c u rv e s
f o r  s t a t e  v a r i a b l e s  n v s .  P.*. an d  n v s .  P . a r e  s i m i l a r  w h e th e r  T. >  Tf  1 1 e
o f  T. <  T . The same i s  t r u e  f o r  s t a t e  v a r i a b l e  T . N ote t h a t  t h e  T.1 e e i
t r a j e c t o r y  i s  no lo n g e r  c o n v o lu te d .  H ow ever, a  m a jo r d i f f e r e n c e  i s  t h a t
t h e  d i r e c t i o n  o f  t h e  c u rv e s  i n d i c a t i n g  t h e  d i r e c t i o n  o f  T ^ /T g i n c r e a s i n g
i s  d i f f e r e n t  i n  tw o c a s e s .  To s e e  t h i s ,  l e t  u s com pare l o g  T v s .  lo g  P ^e p*
c u rv e s  i n  F ig u r e s  10 a  (T . T ) and  1 1 a  (Ti <  Tg ) . In  t h e  fo rm e r ,  
y  = T ^/T e Gd 0 a t  t h e  b e g in n in g  o f  to p  s h e e t ,  and  s t a r t i n g  from  t h e r e  a s  
one p ro c e e d s  a lo n g  t h e  c u r v e ,  y  = T ^/T e  in c r e a s e s  from  0 t o  0 .0 5  a t  th e  
f i r s t  f o l d  e d g e . H ere  t h e  u n s t a b l e  s h e e t  b e g in s  an d  a s  one p ro c e e d s  f u r ­
t h e r  to w a rd s  t h e  n e x t  f o l d  ed g e  y  = T ^/T g in c r e a s e s  from  0 .0 5  t o  — 1 .
H ere  t h e  b o tto m  s h e e t  b e g in s  an d  a s  one  ad v a n ces  f u r t h e r  a lo n g  th e  b o tto m
s h e e t  y  i n c r e a s e s  an d  a p p ro a c h e s  1 a s  P ..->  0 . A rrow s i n d i c a t e  t h e  d i r e c -
r
t i o n  o f  y  = T ^/T g i n c r e a s i n g .  Now i f  we exam ine lo g  Tg v s .  lo g  Fy, c u rv e  
i n  F ig u re  1 1 a , we s e e  t h a t  y  = T ^/T g in c r e a s e s  s t a r t i n g  from  t h e  b o tto m  
s h e e t  a s  one  p ro c e e d s  to w a rd s  t o p  s h e e t .  Thus t h e  d i r e c t i o n  o f  y  = T^/T  
i n c r e a s i n g  f o r  t h e  c a s e  T ^ ^  Tg i s  o p p o s i te  t o  t h a t  f o r  t h e  c a s e  T^"> Tg .
I n  t h e  p r e v io u s  s e c t i o n  we u s e d  e x p e rim e n ta l, o b s e r v a t io n s  t o  
i d e n t i f y  t h e  s h e e ts  o f  e q u i l i b r iu m  s u r f a c e  w ith  e x p e r im e n ta l  modes o f  
o p e r a t i o n .  H ow ever, f o r  s t r o n g  ICRH t h e r e  a r e  no e x p e r im e n ta l  r e s u l t s  
t o  g u id e  u s f o r  t h i s  p ru p o s e .  H ow ever, t h e r e  i s  one s i g n a t u r e  w h ich  
c o u ld  d i s t i n g u i s h  t h e  t r a n s i t i o n  from  t h e  u p p e r  s t a b l e  s h e e t  t o  lo w e r  
s t a b l e  s h e e t  from  t h e  r e v e r s e  t r a n s i t i o n .  T h is  s ig n a tu r e  i s  t h e  pow er 
la w  r e l a t i o n  b e tw e en  n^ an d  P ^  a t  t r a n s i t i o n s .  F ig u re  12 shows t h r e e  
e q u i l ib r iu m  t r a j e c t o r i e s  a t  f i x e d  c o n t r o l  p a r a m e te r s  n^ and  .
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F ig u re  1 2 (a )  i s  f o r  t h e  c a s e  P^ = 0 (no  ICRH).  In  t h i s  c a s e ,  
we h av e  i d e n t i f i e d  w ith  e x p e rim e n t t h a t  t h e  u p p e r  s h e e t  i s  t h e  M mode 
w h ile  t h e  lo w e r  s h e e t  i s  t h e  T mode sm o o th ly  m erg in g  i n t o  C mode. 
F ig u re  1 2 ( b )  a n d  1 2 ( c )  a r e  f o r  t h e  c a s e  ^  0 f o r  w hich  t h e r e  a r e  no ex ­
p e r im e n ta l  r e s u l t s .  F o r F ig u re  1 2 ( b ) ,  T^ <  T , and  f o r  F ig u re  1 2 ( c ) ,
T^ -^ n  t h r e e  c a s e s ,  we f i n d  t h a t  f o r  t r a n s i t i o n  from  u p p e r  t o
0 22 0 33lo w e r s h e e t ,  n ^ o C p ^  ’ . W hile  f o r  r e v e r s e  t r a n s i t i o n ,  •
B ut from  p re v io u s  s e c t i o n s ,  t h e  s ig n a t u r e  o f  M T t r a n s i t i o n  i s
0 22 0 33n ^ o tP ^  * . W hile  t h e  s ig n a t u r e  o f  T - >  M t r a n s i t i o n  i s  n ^ o c .]^  * .
T h u s , we t e n t a t i v e l y  i d e n t i f y  t h e  u p p e r  s h e e ts  i n  l o g  Tg / l o g  T^ v s .
lo g  P.. / l o g  P . c u rv e s  i n  F ig u re s  10 an d  11 a s  t h e  M mode an d  b o tto m
r  i
s h e e t  a s  T mode sm o o th ly  m erg in g  i n t o  C mode.
S im i l a r l y  t h e  lo w e r  s h e e ts  i n  l o g  n  v s .  lo g  P.. / l o g  P . c u rv e sr  l
i n  F ig u re  10 an d  11 can  b e  t e n t a t i v e l y  i d e n t i f i e d  a s  M m ode, and  u p p e r
s h e e t  a s  T mode sm o o th ly  m erg in g  i n t o  C mode. H ow ever, n o te  t h a t  i n
t h e  M mode T . / T  SS  1 when T. <  T ; w h i le  T . / T  *>1 i n  t h e  M model  e v s  i  ^  e ’ i '  e '
when T^ "p T0 . A g a in  th e  e q u i l ib r iu m  t r a j e c t o r y  f o r  t h e  io n  te m p e r a tu r e  
T^ i s  no lo n g e r  c o n v o lu te d  a s  i t  was f o r  t h e  c a s e  P^ = 0 .  T a b le  5 , w h ich  
i s  s i m i l a r  t o  T ab le  3 , sum m arizes t h e  ch an g es i n  s t a t e  v a r i a b l e s  and  con­
t r o l  p a r a m e te r s  P ^  and  P^ a t  t h e  t r a n s i t i o n s  a s  one  o f  t h e  c o n t r o l
p a r a m e te r s  i s  ch an g ed  h o ld in g  o th e r s  f i x e d .  L e t u s  i l l u s t r a t e  t h e  u s e
*o f  t h i s  t a b l e .  The e n t r y  u n d e r  R ^  f o r  T^ ^  Tg a g a in s t  P^ f o r  M T
t r a n s i t i o n  i s  ^  • T h is  m eans t h a t  a s  t h e  p a r a m e te r  R i s  i n c r e a s e d  f o r
th e  c a s e  T^ >  Tg a t  f i x e d  n Q a n d  e £ / T e , M T t r a n s i t i o n  o c c u rs  a t
*
s u c c e s s iv e ly  h ig h e r  v a lu e s  o f  P . .
From T a b le  6 we s e e  t h a t  i n  t h e  M ->  T t r a n s i t i o n ,  d is c o n ­
t in u o u s  ch an g es  i n  t h e  s t a t e  v a r i a b l e  n  a r e  p o s i t i v e  ( i . e . ,  n  i n c r e a s e s  
a f t e r  t h e  t r a n s i t i o n ) , w h ile  t h e  ch an g es i n  s t a t e  v a r i a b l e s  Tg and  T^ 
a r e  n e g a t iv e  ( i . e . ,  t h e y  d e c re a s e  f o l lo w in g  t h e  t r a n s i t i o n ) .  T hese  r e ­
s u l t s  a r e  r e v e r s e d  i n  t h e  T M t r a n s i t i o n .  T ab le  7 show s th e  p ro ­
j e c t i o n s  o f  t h e  e x t r e m i t i e s  o f  t h e  e q u i l ib r iu m  t r a j e c t o r i e s  on th e  s t a t e  
v a r i a b l e  ax e s  n ,  Tg an d  T^ and  c o n t r o l  ax e s  and  P^ a s  t h e  p a ra m e te r  
R a p p ro a c h e s  t h e  v a lu e  - 1 / 3  from  e i t h e r  d i r e c t i o n  f o r  f i x e d  c o n t r o l
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p a ra m e te r s  n^ an d  . The r e s u l t s  i n  t h i s  t a b l e  c l e a r l y  i n d i c a t e  t h a t  
t h e  e x t e n t  o f  t h e  e q u i l ib r iu m  t r a j e c t o r i e s  s h r in k  i n  s i z e  a s  R a p p ro a c h e s  
- 1 / 3  from  b e lo w  and  from  ab o v e . Now we h av e  a l r e a d y  s e e n  t h a t  t h e  d i r e c ­
t i o n  o f  t h e  p a r a m e te r  y  = T ^/T g i n c r e a s i n g  on th e  e q u i l i b r iu m  t r a j e c t o r i e s  
when R >  - 1 / 3  i s  o p p o s i te  t o  i t s  d i r e c t i o n  when R <  - 1 / 3 .  See F ig u re  1 3 . 
From t h e s e  two o b s e r v a t io n s ,  we t e n t a t i v e l y  c o n c lu d e  t h a t  t h e  e q u i l ib r iu m  
t r a j e c t o r y  w i l l  s h r in k  t o  a  p o in t  a s  R - » ( - l / 3 ) + . Thus tw o u n e x p e c te d
f e a t u r e s  o f  e q u i l i b r i a  h av e  em erg ed , n am e ly , r e v e r s a l  o f  d i r e c t i o n  o f
T ^ /T g i n c r e a s i n g  on t h e  e q u i l i b r iu m  t r a j e c t o r i e s  and  t h e  t r a j e c t o r i e s  
c o l l a p s e  t o  a  p o i n t  when y  H  T ^ /T g—> 1 + .
P o s s ib l e  i m p l i c a t io n s  f o r  f u t u r e  e x p e r im e n ts  a r e :  I f  t h e  ex ­
p e r i m e n t a l i s t s  f i n d  a  n e g a t iv e  a m b ip o la r  e l e c t r i c  f i e l d  th ro u g h o u t  t h e  
p la s m a , t h e  ICRH pow er d e n s i ty  s h o u ld  b e  a t  l e a s t  tw ic e  a s  l a r g e  a s  ECH 
pow er d e n s i ty  i n  o r d e r  f o r  T^ Tg . T h ere  w i l l  s t i l l  b e  t h r e e  modes -  
M, T a n d  C . M T an d  T —> M t r a n s i t i o n s  w i l l  b e  a b r u p t  i n  n ,
T and  T. , w h i le  t h e  T —> C an d  C —>  T t r a n s i t i o n s  w i l l  b e  sm oothe i  ’
( i n  n ,  Tg and  T ^ ) .  When T^ <  Tg , s t a r t i n g  from  low  v a lu e s  o f  y  = T ^/T g
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a s  y  = T^/T g  i s  i n c r e a s e d ,  one w i l l  s e e  M T t r a n s i t i o n .  H ow ever,
when 1\ " > T e , s t a r t i n g  from  low  v a lu e  o f  y (T ^ /T  = 1) a s  y  i s  i n c r e a s e d ,
one  w i l l  o b s e rv e  f i r s t  t h e  sm ooth and  c o n tin u o u s  t r a n s i t i o n s  C —> T and
th e n  an  a b r u p t  T —> M t r a n s i t i o n .  On th e  o th e r  h an d  f o r  a s  y
i s  re d u c e d  from  h ig h  t o  low  v a l u e s ,  one w i l l  s e e  a  T —^  M t r a n s i t i o n ;
w h ile  f o r  T. >  T , a s  y  i s  r e d u c e d ,  one w i l l  s e e  a  M C t r a n s i t i o n  1 '  e
( s e e  F ig u re s  10 and  1 1 ) .  As t h e  r a t i o  o f  P ^  to .P ^  a p p ro a c h e s  c lo s e  t o  2 
(n ^  an d  $  f ix e d )  t h e  d i s t i n c t i o n  b e tw een  M , T and  C modes w i l l  
d i s a p p e a r  a n d  th e  p la sm a  w i l l  a c h ie v e  a  u n iq u e ,  s i n g u l a r  e q u i l ib r iu m  
w here  t h e  e q u i l ib r iu m  t r a j e c t o r y  s h r in k s  t o  a  p o i n t .  T h is  e q u i l ib r iu m  
may h av e  m a th e m a t ic a l ly  i n t e r e s t i n g  p r o p e r t i e s ,  h o w e v e r, i t  may n o t  b e  
d e s i r a b l e  p h y s i c a l l y  b e c a u s e  i t  i s  s i n g u l a r .  I t  c o u ld  e a s i l y  b e  an  i n ­
d i c a t i o n  o f  t h e  i n a p p l i c a b i l i t y  o f  t h e  p o in t  m odel e q u a t io n s  t o  h a n d l in g  
t h i s  s i t u a t i o n .  T a b le  5 shows t h a t  t h e  p a ra m e te r  R h a s  m ixed  e f f e c t ,  
e . g . ,  f o r  1  ^ T g ,  a s  R = ( P ^  -  P ^ ) / ( P ^ ,  + P i n c r e a s e s ,  te m p e r a tu r e s  
w i l l  r i s e  b u t  t h e  e l e c t r o n / i o n  d e n s i t y  w i l l  f a l l  i n  T mode. H ig h e r  f i l l i n g  
p r e s s u r e s  an d  h ig h e r  e ^  /T  l e a d  t o  h ig h e r  t e m p e r a tu r e s  and  d e n s i t y  i n  T 
mode.
V I. EQUILIBRIA FOR POINT MODEL WITH IONS
I n  t h i s  c h a p te r ,  we w i l l  exam ine t h e  e q u i l i b r i a  f o r  th e  p o in t
m odel f o r  th e  c a s e  i n  w h ich  th e  a m b ip o la r  e l e c t r i c  f i e l d  i s  o b s e rv e d  to  
b e  p o s i t i v e  due t o  t h e  p re s e n c e  o f  s u f f i c i e n t l y  s t r o n g  ICRH. Now i f  
(^ >  0 th e n  th e  io n e  becom e n o n re s o n a n t  w h i le  some o f  t h e  e l e c t r o n s  b e ­
come r e s o n a n t .  H en ce , t o  a v o id  h a v in g  t o  s t i p u l a t e  th e  r e s o n a n t  e l e c t r o n  
d i f f u s i o n  c o e f f i c i e n t ,  we w i l l  u s e  th e  a m b ip o la r  p o t e n t i a l  a s  a  c o n t r o l  
p a ra m e te r  a s  we d id  i n  t h e  p r e v io u s  c h a p te r .  We w i l l  d i s c u s s  th e  p o in t  
m odel w i th  n e o c l a s s i c a l  n o n re s o n a n t  io n s  u s in g  e ^ / T ^  a s  a  p a r a m e te r .
In  s e c t i o n  ( B ) ,  e q u i l i b r i a  i n  a b s e n c e  o f  ICRH w i l l  b e  d i s c u s s e d ,  ev en  
th o u g h  io n s  may b e  r e s o n a n t  when ICRH i s  a b s e n t .  I n  s e c t i o n  ( C ) ,  e q u i ­
l i b r i a  i n  p r e s e n c e  o f  ICRH w i l l  b e  o b ta in e d  an d  d is c u s s e d .
A. P o in t  M odel E q u a tio n s  w i th  N e o c la s s i c a l  N o n re so n an t Io n s
The p o in t  m odel e q u a t io n s  ( 7 ) ,  (1 0 ) and  ( l l )  w i th  n e o c l a s s i c a l  
n o n re s o n a n t  io n s  a r e
U7
1*8
w here  a ^ '  and  ag* a r e  f u n c t io n s  o f  p a r a m e te r  e /T ^ , g iv e n  "by
a [  -  c4 c ' ~  4* 1)  /  c i -
a i =  c ? / o -
a ^ ,  c ^ ,  c ^ ,  C2 * » c l /  an -^ c 5 ' a r e  c o n s t a n t s .
To o b t a i n  e q u i l i b r iu m  t r a j e c t o r i d s  f o r  eq s (1*3)-(1*5)» we d e f in e  
new v a r i a b l e s
Y '  =  7 v.  /  Tc^  >  O
^  / t «. >  ©
The e q u i l ib r iu m  v e r s io n  o f  e q .  (1*3) i s
H.^ Xon ~ x' Tc- -  X'V* Ti* = ,,
O + ^ X ' 1 )  d
w h ile  t h e  e q u i l ib r iu m  s o l u t i o n s  o f  e q s .  (1*1*) an d  (1*5) s a t i s f y
(b6)
( b 7 )
(W)
w here k  i s  g iv e n  by  e q . ( 3 5 ) .  S u b s t i t u t i n g  t h i s  e x p r e s s io n  f o r  T^ i n t o  
e q .  (1*7)» we o b ta in  a  c u b ic  e q u a t io n  i n  x ’ :
B [  X l S  +  6 *  x '1 + x' + B +'  = o  (ll9)
w ith  c o e f f i c i e n t s  . . . ,  B ^ ' g iv e n  by
1*9
“  ^ 3 .  ^ G ^ ' O V - v .
b ^  =  * .  « * > , • , „  -  * > " 3 ~ 3 / 4
<  -  - r 3 ^  T  j / *
A g a in , w e  f i n d  a  u n iq u e  r e a l  p o s i t i v e  r o o t  x' o f  e q . (1*9), so  t h a t  th e
s t a t e  v e c to r  x =  ( n ,  T , T . ) i s  g iv e n  by
T C =  K / c x ' Y a ' 0  ( 5 0 )
" T e .=  "*"i I ’t y  ( 51)
-|i\=. X1 f t  ^  (52)
w h ile  t h e  c o n t r o l  p a r a m e te r s ,  P , ,  an d  a r e  g iv e n  by  e w . ( h i )  an d  (h 2 ) 
r e s p e c t i v e l y .  The r e s t r i c t i o n s  on th e  p a r a m e te r  R and  r e s u l t i n g  r e s t r i c ­
t i o n s  on  y  a r e  a s  b e f o r e  ( s e e  s e c t i o n  ( B ) , c h a p te r  V ).
B. E q u i l i b r i a  w i th o u t  ICRH
T hese e q u i l i b r i a  ( i . e .  e q u i l i b r i a  f o r  th e  p o in t  m odel w i th
n e o c l a s s i c a l  n o n re s o n a n t  io n s  i n  t h e  a b se n c e  o f  ICRH) a r e  o b t a in e d  b y
s o lv in g  t h e  c u b ic  e q u a t io n  (1*9) w ith  p a r a m e te r  R = 1 . T hese  e q u i l i b r i a
a r e  p r i m a r i l y  o f  t h e o r e t i c a l  i n t e r e s t .  N e v e r th e le s s ,  th e y  show some
i n t e r e s t i n g  f e a t u r e s .
I
F o r 0 <  <£ =  e < f / T ^  ^  1 ,  t h e  e q u i l ib r iu m  s u r f a c e  h a s  a  s i n g l e  
f o l d ,  t h e  u p p e r  and  lo w e r  s h e e t s  a r e  s t a b l e ,  w h i le  t h e  m id d le  s h e e t  i s  
u n s t a b l e .  F ig u r e  ll* a ,  b ,  c show t y p i c a l  e q u i l ib r iu m  t r a j e c t o r i e s  f o r  
t h e  s t a t e  v a r i a b l e s  ( n ,  T , T^) a s  f u n c t io n s  o f  t h e  c o n t r o l  p a r a m e te r
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a t  f i x e d  v a lu e s  o f  *2 ’^ = 0 .6  and  n^ = 0 .0 1 .  When th e  c o n t r o l  p a ra m e te r  
^ 1 i s  i n c r e a s e d  b ey o n d  u n i t y ,  a  new f o l d  b e g in s  t o  em erge i n  t h e  e q u i­
l i b r i u m  s u r f a c e .  F ig u re  15 a ,  b ,  c show e q u i l ib r iu m  t r a j e c t o r i e s  f o r  
^ ’ = 1 .1  a n d  Uq = 0 .0 1 .  On f u r t h e r  i n c r e a s i n g  1 , t h i s  new ly  em erged  
f o l d  u n d e rg o e s  s t r o n g  g ro w th  (com pare  F ig s .  15 a , b , c  a n d  16 a , b , c ) .  As 
b e f o r e ,  a r ro w s  on th e s e  f i g u r e s  i n d i c a t e  d i r e c t i o n  o f  y  = T ^/T e i n c r e a s i n g .  
F ig u re s  IT  a , b , c , d  show t h e  e q u i l ib r iu m  t r a j e c t o r i e s  Tg v s .  i n  a  s e ­
qu en ce  o f  ^ ' i n c r e a s i n g .  T h is  f i g u r e  c l e a r l y  shows t h a t  t h e  new f o l d  i s  
b o m  from  t h e  u p p e r  s t a t e  s h e e t  ( i n  Tg v s .  P ^ .  t r a j e c t o r y ) ,  i . e .  when
'JjJ 1 = 0 . 9 ,  t h e r e  i s  o n ly  one f o l d ;  when = 1 . 0 ,  s t i l l  t h e r e  i s  one
f o l d ,  b u t  u p p e r  s h e e t  now h a s  an  i n d e n t a t i o n ;  when £  ' = 1 . 1 ,  th e  in d e n ­
t a t i o n  i n  t h e  u p p e r  s h e e t  h a s  grown i n t o  a  f o l d ;  when ' = 1 . 2 ,  t h e
new ly  b o rn  f o l d  h a s  become f u l l y  grow n. The v a lu e s  o f  y  = T ^/T g a t  th e  
f o l d  ed g es  o f  t h e  Tg v s .  P^.  t r a j e c t o r y  a l s o  s u p p o r t  t h i s  a s s e r t i o n :  
when ^  1 = 0 . 9 ,  y s  = 0.6H a "t t h e  f o l d  edge o f  th e  u p p e r  s h e e t
( F ig .  1 7 ( a ) ) ;  when <J> ' = 1 . 0 ,  T ^/T g = 0 .7  ( F ig .  1 7 ( b ) ) ;  an d  when ' = 1 . 1 ,  
T ^/T g = 0 .7 9  ( F ig .  1 7 ( c ) ) ,  b u t  a t  th e  f o l d  edge o f  b o tto m  s h e e t  T ^ / ^ d l ,  
f o r  a l l  ' s .
ry. |
A n o th e r  way o f  lo o k in g  a t  t h i s  phenom ena i s :  F o r h ig h  ^  ^  1*2 ,
t h e  e q u i l ib r iu m  s u r f a c e  h a s  two f o l d s ;  s t a b l e  and  u n s ta b le  s h e e ts  o c c u r in g
c o n s e c u t iv e ly .  As ' i s  d e c r e a s e d ,  t h e  u p p e r  and  m id d le  s t a b l e  s h e e ts
m erge t o g e t h e r  an d  e v e n tu a l ly  e q u i l ib r iu m  t r a j e c t o r y  h a s  o n ly  one f o l d .
We w i l l  c a l l ,  f o r  A 1 >  1 .2  th e  to p  s t a b l e  s h e e t  ( i n  t h e  T v s .  P .. t r a -T /  e  r
j e c t o r y )  t h e  I s  mode, t h e  m id d le  s t a b l e  s h e e t  2 s  an d  th e  lo w e r  s t a b l e
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s h e e t  3s . When <J> 1 ^  1 . 0 ,  I s  and  2s m erge t o g e t h e r  an d  become 
d e g e n e r a te .  By c o n s id e r in g  th e  ra n g e  o f  e l e c t r o n  t e m p e r a tu r e s  i n  t h e  
I s  , 2 s  an d  3s m odes, we can  t e n t a t i v e l y  i d e n t i f y  them  a s  th e  M ,
T an d  C modes r e s p e c t i v e l y .  H ow ever, we s h o u ld  b e a r  i n  m ind t h a t  we 
do n o t  h av e  any  e x p e r im e n ta l  b a s i s  f o r  t h i s  ( u n l i k e  th e  c a s e  f o r  n on­
r e s o n a n t  e l e c t r o n s ,  d i s c u s s e d  i n  c h a p te r  I V ) .  We h av e  em ployed  t h i s  
i d e n t i f i c a t i o n  i n  l a b e l l i n g  th e  s h e e ts  i n  f i g u r e s  and  a l s o  i n  th e  t a b l e s .  
When th e  e q u i l ib r iu m  s u r f a c e  h a s  one f o l d ,  p la sm a  can  made a  T C 
and  a  C T t r a n s i t i o n ,  d ep e n d in g  upon t h e  v a lu e s  o f  c o n t r o l  p a r a m e te r s .
T h is  i s  shown i n  F ig u re  1 8 . H ow ever, when t h e  e q u i l i b r iu m  s u r f a c e  h a s  
two f o l d s , t h e  p la sm a  can  u n d erg o  M -»  T , T —^  C , C T and  T M 
t r a n s i t i o n s  a s  shown i n  F ig u re  19 f o r  ' = 1 . 5 .  When £  ' — 1 . 1 ,  how­
e v e r ,  t h e  p la sm a  now u n d e rg o e s  a  C ->  M t r a n s i t i o n  r a t h e r  th a n  a  C T
«<N*
t r a n s i t i o n  s in c e  f o r  t h i s  v a lu e  o f  £  1 th e  T mode i s  v e r y  l i m i t e d  i n  
e x t e n t ,  s e e  F ig u re  2 0 . N ote t h a t  an  M C t r a n s i t i o n  i s  n o t  p e r m i t t e d .  
F o r <£ <  1 9 th e  e q u i l ib r iu m  t r a j e c t o r y  f o r  i s  c o n v o lu te d  an d  d e -
c r e a s e s  d u r in g  b o th  a  T —> C an d  C —> T t r a n s i t i o n s  ( F ig u r e  l U ( c ) ) .
T h is  d o es  n o t  o c c u r  f o r  t h e  s t a t e  v a r i a b l e s  n  o r  Tg ( F ig u r e s  1 ^  ( a ) , ( b ) ) .
n .
F o r  <f> 1 >  1 ,  e q u i l ib r iu m  t r a j e c t o r y  f o r  T^ i s  d o u b ly  c o n v o lu te d  ( F ig u re  
15 ( c ) ) .  Such s i n g l e  o r  d o u b le  c o n v o lu t io n s  i n  e q u i l i b r iu m  t r a j e c t o r i e s  
can  l e a d  t o  i n t e r e s t i n g  c o m p e t i t io n s  b e tw een  th e  r e s p e c t i v e  p o i n t  a t t r a c ­
t o r s  i n  t h e  t im e  e v o lu t io n  o f  t h e  s t a t e  v a r i a b l e s  to w a rd s  e q u i l i b r iu m .
T h is  w i l l  b e  i n v e s t i g a t e d  i n  t h e  n e x t  c h a p te r .  T a b le  8 sum m arizes t h e  
ch a n g es  i n  t h e  s t a t e  v a r i a b l e s  ( n ,  T , T . ) an d  t h e  c o n t r o l  p a r a m e te r  Py.
Q X i
*v>
a t  t h e  t r a n s i t i o n  p o i n t s  a s  <p 1 i s  v a r i e d  k e e p in g  f i x e d  an d  v ic e  v e r s a .
52
*
F o r ex a m p le , an  up a rro w  a g a in s t  T^ f o r  M T t r a n s i t i o n  i n  t h e
colum n u n d e r  e<p /T  f o r  1 .1  <  e *  /T ^  <  2 m eans t h a t  M —> T t r a n s i t i o n
o c c u rs  a t  i n c r e a s i n g l y  h ig h e r  v a lu e s  o f  a s  e ^ / T ± i s  i n c r e a s e d  k e e p in g
n Q f i x e d  f o r  1 .1  <  e «^ / T^  <» 2 . I n  t h i s  t a b l e ,  b la n k s  a p p e a r  i n  t h e
colum ns f o r  M T and  T - >  M t r a n s i t i o n s  when 1 <  1 . T h is  i s  so
<v
b e c a u s e ,  f o r  1 <  1 ,  M an d  T modes a r e  d e g e n e r a te .  T ab le  9 shows
t h e  d i s c o n t in u o u s  jum ps i n  s t a t e  v a r i a b l e s  d u r in g  v a r io u s  p o s s i b le  t r a n ­
s i t i o n s .  F o r ex a m p le , a  + s ig n  a g a in s t  A n  i n  t h e  colum n u n d e r  T - >  C 
m eans s t a t e  v a r i a b l e  n  i n c r e a s e s  a f t e r  a  T C t r a n s i t i o n .
B e fo re  we c lo s e  t h i s  s e c t i o n ,  i t  s h o u ld  b e  em p h asized  t h a t  th e
r e s u l t s  p r e s e n te d  i n  t h i s  s e c t i o n  a r e  p r i n c i p a l l y  o f  t h e o r e t i c a l  i n t e r e s t
o n ly .
C. E q u i l i b r i a  w ith  ICRH
In  t h i s  s e c t i o n ,  we i n v e s t i g a t e  t h e  o t h e r  p h y s i c a l l y  p o s s i b le  
e q u i l i b r i a  i n  t h e  p r e s e n c e  o f  ICRH, i . e .  e q u i l i b r i a  f o r  w h ich  t h e  am bi­
p o l a r  e l e c t r o s t a t i c  p o t e n t i a l  i s  p o s i t i v e .  As r e g a r d s  p a r t i c l e  c o n f in e ­
m e n t, f o r  a m b ip o la r  e l e c t r i c  f i e l d  E <  0 ,  t h e  b a s i c  c o n f in e m e n t t im e  i s
s e t  by  t h e  e l e c t r o n s  a s  we have  s e e n  i n  p r e v io u s  c h a p te r s ;  h o w ev er, i t  i s  
b e l i e v e d  t h a t  i f  E >  0 c o u ld  b e  m a in ta in e d  i n  s t a b l e  s te a d y  s t a t e ,  t h e  
b a s i c  c o n f in e m e n t t im e  w ou ld  b e  s e t  b y  t h e  i o n  s c a t t e r i n g  t im e .^
The e q u i l ib r iu m  s u r f a c e s ,  i n  t h i s  c a s e ,  e x h i b i t  m u l t i p l e  f o ld s
when t h e  p a r a m e te r  R , R = (P ^ ,  -  P ^ ) / ( P ^ c  + c l ° s e  "to u n i t y .
T hese  f o ld s  w i l l  d e g e n e ra te  i n t o  a  s i n g l e  f o l d  a s  R d e c r e a s e s .  In  
T a b le  1 0 ,  we show th e  ra n g e  o f  y r  ^±/ ^e  ^o r  a  g i ven  ^  311 ^  t h e  c o r r e s ­
p o n d in g  r a t i o  o f  ICRH/ECH.
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I t  i s  c o n v e n ie n t  t o  d iv id e  th e  d i s c u s s io n  o f  t h i s  s e c t i o n  i n t o  
tw o p a r t s :  ( i )  e q u i l i b r i a  w i th  m u l t i p l e  f o ld s  a n d , ( i i )  t h o s e  e q u i l i b r i a  
w ith  o n ly  a  s i n g l e  f o l d .
( i )  E q u i l i b r i a  w i th  m u l t i p l e  f o ld s
F ig u r e  21 shows e q u i l ib r iu m  t r a j e c t o r i e s  f o r  t h e  e l e c t r o n  tem ­
p e r a t u r e  Tg a s  a  f u n c t io n  o f  t h e  c o n t r o l  p a r a m e te r  P^. a t  f i x e d  v a lu e s  o f  
f i l l i n g  num ber d e n s i t y  n Q = 0 .0 1  a n d  p o t e n t i a l  <J> ' = 0 .1  f o r  t h r e e  d i f -  
f e r e n t  v a lu e s  o f  t h e  p a r a m e te r  R. N ote t h a t  f o r  p  1 = 0 . 1 ,  a  low  am bi­
p o l a r  p o t e n t i a l ,  t h e  e q u i l ib r iu m  t r a j e c t o r i e s  e x h i b i t  tw o f o ld s  f o r  
R = 0 .9 9 .  The m id d le  s t a b l e  s h e e t  s t a r t s  s h r in k in g  a s  R d e c r e a s e s  and  
d is a p p e a r s  f o r  R <  0 .8 .  The t o p ,  m id d le  an d  b o tto m  s h e e ts  a r e  s t a b l e  and  
w i l l  b e  d e n o te d  I s  , 2 s  a n d  3s r e s p e c t i v e l y .  The u n s t a b l e  s h e e ts  
a r e  shown d ash e d  i n  F ig u re  21 and  s t a r t i n g  from  th e  t o p  w i l l  b e  l a b e l l e d  
1U an d  2U r e s p e c t i v e l y .  Now y  =  ^  c o n s ta n t  = 1 a t  t h e  f o ld
edge j o i n i n g  3s and  2U f o r  a l l  R i n  F ig u re  2 1 . A t t h e  f o l d  edge 
j o i n i n g  2 s and  2U , Y «  T ^ /T g h a s  v a lu e s  0 . 1 1*, 0 .3 6 ,  0.H1+, f o r  R = 0 . 9 9 ,
0 . 9 ,  0 . 8  r e s p e c t i v e l y ,  y  v a lu e s  a t  th e  f o l d  e d g e s  j o i n i n g  I s  t o  1U 
and  1U t o  2s a r e  q u i t e  lo w  ( i . e .  l e s s  th a n  o r  o f  t h e  o r d e r  o f  0 .0 1 ) .
We i n t e r p r e t  t h e s e  v a lu e s  a s  f o l lo w s :  a t  low  v a lu e s  o f  'p' 1 = e <£/T^ — 0 .1
an d  f o r  R <  0 . 8 ,  t h e  e q u i l ib r iu m  s u r f a c e  h a s  o n ly  one f o l d  w hose u p p e r  and  
lo w e r  s h e e ts  a r e  s t a b l e  w ith  t h e  m id d le  s h e e t  u n s t a b l e .  As R i n c r e a s e s  
b ey o n d  0 . 8 ,  t h e  d e g e n e ra c y  i n  I s  , 2s i s  b ro k e n  an d  t h e  e q u i l ib r iu m  
s u r f a c e  now d e v e lo p e s  tw o f o l d s  w i th  s t a b l e  modes I s  , 2s , 3s an d  
u n s t a b l e  modes 1U , 2U . The o r d e r in g  o f  t h e  e l e c t r o n  te m p e r a tu r e s  
i n  t h e  s t a b l e  modes I s  , 2 s  , 3s s u g g e s ts  t h a t  we can  t e n t a t i v e l y
5^i d e n t i f y  them  a s  M , T , C modes r e s p e c t i v e l y .  T h is  m eans t h a t  when 
t h e  e q u i l ib r iu m  t r a j e c t o r y  h a s  o n ly  one f o l d ,  t h e  M mode can  b e  con­
s i d e r e d  t o  b e  sm o o th ly  m erg in g  i n t o  th e  T mode.
F ig u re  22 shows th e  e q u i l ib r iu m  t r a j e c t o r i e s  Tg v s .  a t  f i x e d  
^  1 = 0 .6  an d  n^ = 0 .0 1  f o r  tw o d i f f e r e n t  v a lu e s  o f  p a r a m e te r  R = 0 .9  
an d  0 . 9 9 -  At  R = 0 . 9 ,  e q u i l ib r iu m  t r a j e c t o r y  h a s  one f o l d  w i th  an  i n ­
d e n ta t i o n  i n  u p p e r  s t a b l e  s h e e t .  As R in c r e a s e s  from  0 .9  t o  0 . 9 9 ,  a  new 
f o l d  i s  b o rn  from  t h e  u p p e r  s t a b l e  s h e e t .  H ow ever, i t  i s  b o rn  l a t e r  th a n  
when t h e  a m b ip o la r  p o t e n t i a l  ' was lo w e r  ( i . e .  when ' = 0 . 1 ,  t h e  new 
f o l d  i s  b o rn  a t  R = 0 . 8 ;  w h i le  when $ '  = 0 . 6 ,  i t  i s  b o rn  a t  R = 0 . 9 9 ) .
The y s  v a lu e s  a t  t h e  f o l d  ed g es a r e  i n d i c a t e d  in  F ig u re  22 . A g a in ,
we t e n t a t i v e l y  i d e n t i f y  th e  u p p e r ,  m id d le  an d  lo w e r  s t a b l e  s h e e t s  a s  M ,
T , C modes r e s p e c t i v e l y .  The m erg in g  o f  M an d  T modes i s  t y p i c a l  
f o r  0 <. ^  1 .0 .
The above r e s u l t s  s u g g e s t  t h a t ;  i f ,  i n  t h e  p r e s e n c e  o f  ICRH, th e  
a m b ip o la r  e l e c t r o s t a t i c  p o t e n t i a l  i s  fo u n d  t o  b e  p o s i t i v e ;  th e  e x p e r i ­
m e n t a l i s t  may s e e  M —> T , T -> C  , C —■> M , T —>  M t r a n s i t i o n s  i n  
( n ,  Te , T^) when 0 <  e ^ > / T ^ ^  1 . 0  a n d  R ^  0 . 8 .  The M mode may b e  
p h y s i c a l l y  l e s s  p ro b a b le  s in c e  i n  t h s  mode th e  r a t i o  T^/T^ i s  v e ry  l a r g e .  
As t h e  p a r a m e te r  R d e c r e a s e s  ( i . e .  R <1 0 . 8 )  M and  T modes m erge 
sm o o th ly  t o g e t h e r  l e a v in g  o n ly  t h e  T C an d  C ->  T t r a n s i t i o n s  i n  
t h e  s t a t e  v a r i a b l e s .
When (j> ' = 1 .1  a n d  R <  0 . 9 , t h e  e q u i l i b r iu m  t r a j e c t o r y  h a s  o n ly  
one f o l d .  On i n c r e a s i n g  R t o  R = 0 .9  a t  f i x e d  <|> ' ,  t h e  e q u i l i b r iu m  t r a ­
j e c t o r y  h a s  tw o f o ld s  ( F ig u re  2 3 ) ,  w h ile  f o r  R = 0 .9 9  th e  e q u i l i b r iu m
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t r a j e c t o r y  h a s  t h r e e  f o l d s .  T hese tw o new f o ld s  a r e  b o m  from  th e  u p p er
s t a b l e  s h e e t .  The y  m T ^/T g v a lu e s  a t  t h e  f o l d  ed g es a r e  shown i n  F ig ­
u re  2 3 . As u s u a l ,  t o p  and  b o tto m  s h e e t s  a r e  s t a b l e ;  s t a b l e  an d  u n s ta b le  
s h e e t s  o c c u r  a l t e r n a t e l y .  The sy s te m  can  make s i x  d i f f e r e n t  d is c o n t in u o u s  
t r a n s i t i o n s  when t h e  e q u i l ib r iu m  t r a j e c t o r y  h a s  t h r e e  f o l d s .  I t  s h o u ld  
b e  n o te d  t h a t  t h e  t o p  s t a b l e  s h e e t  may b e  p h y s i c a l l y  i n a c c e s s i b l e  b e c a u s e
T T. on t h i s  s h e e t ,  e 1
\  ^F ig u re  2k shows e q u i l ib r iu m  t r a j e c t o r i e s  when ^  ’ i s  i n c r e a s e d
to  ^5 ' = 1 . 5* As R i n  i n c r e a s e d  from  0 .9  t o  0 . 9 9 j  a  s t a b l e  T mode i s  
b o rn  from  u p p e r  s t a b l e  s h e e t .  H ow ever, t h e  in d e p e n d e n t  M mode may now 
b e  p h y s i c a l l y  a c c e s s i b l e  s in c e  Te /T^rv> 1 .
Thus t h e  r e g io n  o f  s m a l l  r a t i o  o f  pow er d e n s i t i e s  ICRH t o  ECH 
( i . e .  when P^ i s  a b o u t  0 .5  t o  5 . 0$ o f  ]j^ _ ) i s  f u l l  o f  f o l d  s t r u c t u r e  and  
t h e  s a l i e n t  f e a t u r e s  o f  e q u i l i b r i a  i n  t h i s  r e g io n  a r e  sum m arized  i n  
T a b le  1 1 .
( i i )  E q u i l i b r i a  w i th  s i n g l e  f o ld
When th e  c o n t r o l  p a ra m e te r  1 i s  n o t  s m a l l  ( i . e .  #  ’ >  0 . 1 ) 
an d  t h e  p a r a m e te r  R i s  n o t  c lo s e  t o  u n i t y  ( i . e .  R <  0 . 9 )  th e  e q u i l ib r iu m  
s u r f a c e s  e x h i b i t  o n ly  one f o l d .  T y p ic a l  e q u i l ib r iu m  t r a j e c t o r i e s  f o r  s t a t e  
v a r i a b l e s  ( n ,  Tg , T^) a s  f u n c t io n s  o f  c o n t r o l  p a r a m e te rs  an d  a t  
f i x e d  v a lu e s  o f  n ^  = 0 .0 1  an d  ’ = 0 .6  a r e  shown i n  F ig u re s  25 a ,  b 
(T g ^  T^) and  26 a ,  b (Tg ^  T^ ) .  T a b le  12 i s  s i m i l a r  t o  T a b le  5 ,  e x c e p t 
t h a t  i t  i s  f o r  th e  p o in t  m odel w i th  io n s  w i th  ICRH. T ab le  13 shows th e  
d i s c o n t in u o u s  ch an g es  i n  t h e  s t a t e  v a r i a b l e s  d u r in g  T C an d  C T 
' t r a n s i t i o n s .
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F ig u re  27 shows t h e  t y p i c a l  e q u i l ib r iu m  p r o f i l e s  f o r  t h e  e l e c ­
t r o n  te m p e r a tu r e  Tg a s  a  f u n c t io n  o f  c o n t r o l  p a r a m e te r  pr  a t  f i x e d  
n^ = 0 .0 1  an d  $> ’ = 0 .6  when t h e  p a ra m e te r  R i s  ( i )  R < - l /3  a n d
( i i )  R >  -  1 / 3 .  As a lw a y s , t h e  a rro w s  i n  t h e  t r a j e c t o r y  i n d i c a t e  th e  
d i r e c t i o n  o f  y  = T ^ / i^  i n c r e a s i n g .  T h is  f i g u r e  shows t h a t  t h e  e q u i l i ­
b r iu m  s u r f a c e  r e v e r s e s  d i r e c t i o n  ( i n d i c a t e d  by  y  = T ^/T  in c r e a s in g )  when 
th e  p a ra m e te r  R c r o s s e s  t h e  v a lu e  o f  - 1 / 3 .  T ab le  lH (w h ich  i s  s i m i l a r  
t o  T ab le  7) i n d i c a t e s  t h a t  t h e  e q u i l i b r iu m  t r a j e c t o r y  w i l l  c o l l a p s e  t o  
a  p o in t  a s  t h e  e l e c t r o n  an d  io n  t e m p e r a tu r e s  e q u a l i z e  from  e i t h e r  d i r e c ­
t i o n .  Thus th e  r e v e r s a l  o f  d i r e c t i o n  and  c o l l a p s e  t o  a  p o in t  o f  e q u i­
l i b r i u m  t r a j e c t o r i e s  when e l e c t r o n  a n d  io n  te m p e r a tu r e s  a r e  e q u a l  a r e  
two s t r i k i n g  f e a t u r e s  o f  t h e  p o in t  m odel e q u i l i b r i a  w i th  io n s  w i th  ICRH. 
T hese  r e s u l t s  a r e  v e ry  s i m i l a r  t o  t h e  r e s u l t s  o b ta in e d  when e l e c t r o n s  a r e  
n o n re s o n a n t  an d  ICRH i s  p r e s e n t .
V II .  CONVENTION, STABILITY AND INITIAL VALUE PROBLEM 
FOR POINT MODEL EQUILIBRIA
So f a r ,  i n  t h i s  d i s s e r t a t i o n ,  we h av e  i n v e s t i g a t e d  t h e  p r o p e r -  
t i e s  an d  t h e  t o p o l o g ic a l  s t r u c t u r e  o f  t h e  e q u i l ib r iu m  s u r f a c e s  a s  th e  
e x p e r im e n ta l  c o n t r o l  p a r a m e te rs  a r e  sm o o th ly  ch a n g ed . Even th o u g h  th e  
p o in t  m odel f o r  EBT does n o t  b e lo n g  t o  e le m e n ta ry  c a ta s t r o p h e  th e o r y  
( s in c e  t h e  e q u a t io n s  a r e  n o t  o f  g r a d ie n t  dynam ic fo rm ) we f i n d  t h a t  t h e  
s u r f a c e s  a r e  j u s t  more c o m p lic a te d  v e r s io n s  o f  t h e  c a n o n ic a l  cu sp  c a t a s ­
t r o p h e .  I n  d i s c u s s in g  th e  v a r io u s  p o s s i b l e  t r a n s i t i o n s ,  i t  was t a c i t l y  
assum ed t h a t  t h e  t r a n s i t i o n s  fo l lo w e d  t h e  d e la y  c o n v e n t io n ,  r a t h e r  th a n  
t h e  M axw ell c o n v e n tio n .  We now i n v e s t i g a t e  t h e  t im e  e v o lu t io n  o f  th e  
s t a t e  v a r i a b l e s  ( n ,  T , T^) t o  v a r i f y  t h a t  t h e y  do in d e e d  f o l lo w  th e  
d e la y  c o n v e n tio n .  M o reo v er, b e c a u s e  o f  t h e  m ore c o m p lic a te d  f o l d  s t r u c ­
t u r e  i n  t h e  e q u i l ib r iu m  s u r f a c e s  we e x p e c t  t h e  b a s in s  o f  t h e  p o in t  a t ­
t r a c t o r s  ( i . e . ,  t h e  r e g io n  o f  i n i t i a l  v a lu e s  o f  s t a t e  v a r i a b l e s ,  and  
c o n t r o l  p a r a m e te r s  f o r  w h ich  a  p a r t i c u l a r  p o i n t  o f  an  e q u i l i b r iu m  s u r f a c e  
d e v e lo p s  i n t o  a  s i n g l e  a t t r a c t o r )  i n  t h e  r e s p e c t i v e  M , T , C modes 
t o  p o s s i b ly  show i n t e r e s t i n g  s t r u c t u r e ,  i . e . ,  t h e  f o ld s  i n  t h e  e q u i l ib r iu m  
s u r f a c e s  c a n ,  d ep e n d in g  on  i n i t i a l  c o n d i t i o n s ,  g iv e  r i s e  t o  c o m p e t i t io n  
b e tw een  t h e  v a r io u s  ( s t a b l e )  p o in t  a t t r a c t o r s  on t h e  M , T , C s h e e ts  
so  t h a t  d i f f e r e n t  i n i t i a l  c o n d i t io n s  can  r e s u l t  i n  a  d i f f e r e n t  f i n a l  
e q u i l ib r iu m  s t a t e .  T h is  h a s  o b v io u s  s i g n i f i c a n c e  t o  t h e  e x p e r i m e n t a l i s t
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w ho, i n  EBT a n d  p r e s e n t  t h i n k in g ,  w ould  l i k e  t o  w ork i n  t h e  -T  mode b e ­
c a u se  o f  low  f l u c t u a t i o n s  a n d  q u i e t  s t a b l e  s te a d y  s t a t e  c o n d i t i o n s .
T h u s , we now s o lv e  t h e  t im e  d ep e n d en t p o in t  m odel e q u a t io n s  ( 7 ) ,  
( 1 0 ) ,  (1 1 ) f o r  v a r io u s  i n i t i a l  c o n d i t i o n s .  ______ _
A. Time E v o lu t io n  f o r  E q u i l i b r i a  w i th  One F o ld
F ig u r e s  2 8 ( a ) ,  (b)  an d  ( c )  a r e  t y p i c a l  t im e  e v o lu t io n  p l o t s  f o r  
t h e  EBT p o in t  m odel e q u i l i b r i a  w i th  a  s i n g l e  f o l d .  To u n d e r s ta n d  w hat 
t h e s e  f i g u r e s  r e p r e s e n t ,  l e t  u s  d i s c u s s  F ig u re  2 8 ( a ) .  The c u rv e  w i th  a  
s i n g l e  f o l d  i s  th e  e q u i l ib r iu m  p r o f i l e  f o r  e l e c t r o n  te m p e r a tu r e  Tg a s  a  
f u n c t io n  o f  t h e  m icrow ave pow er a t  f i x e d  v a lu e s  o f  f i l l i n g  p r e s s u r e  
n^  = 0 .0 1 ,  a m b ip o la r  p o t e n t i a l  e ^ / T g = - 0 .6  w i th  R = (P ^  -  P ^ ) / ( l ^  + P^)  
= - 0 .5  ( i . e .  T^ Tg ) . The l a r g e  d o u b le  a rro w s  on t h i s  e q u i l i b r iu m  t r a ­
j e c t o r y  i n d i c a t e  t h e  d i r e c t i o n  o f  y  = i n c r e a s i n g .  The s o l i d  v e r t i c a l
T , i  sym bols i n d i c a t e  th e  i n i t i a l  an d  f i n a l  e q u i l ib r iu m  v a lu e s  ( t i p  o f  
a rro w ) o f  e l e c t r o n  te m p e r a tu r e  Tg i n  t im e .  F o r ex a m p le , t h e  p o in t  A shows
th e  v a lu e  o f  T a t  t im e  t  = 0 f o r  f i x e d  v a lu e s  o f  P ., = 1 . 0 ,  n_ = 0 .0 1 ,  
e  r  O ’
e < p / Tg = - 0 . 6  an d  R = - 0 . 5 -  Now we s o lv e  th e  p o in t  m odel t im e  d ep e n d en t 
e q u a t io n s  w ith  n e o c l a s s i c a l  n o n re s o n a n t  e l e c t r o n s  ( i . e .  e q s .  ( 2 8 ) - ( 3l ) )  
w i th  above v a lu e s  o f  n g ,  e ^ / T g , an d  P ^ . P^ i s  d e te rm in e d  from  e q . ( 3 6 ) 
f o r  t h e  g iv e n  v a lu e s  o f  R an d  The i n i t i a l  v a lu e  Tg (0)  i s  r e p r e s e n te d
b y  p o in t  A. I n i t i a l  v a lu e s  n ( 0 )  a n d  T^(0)  a r e  a l s o  ch o se n  t o  b e  c lo s e  t o  
c o r re s p o n d in g  e q u i l ib r iu m  v a lu e s  ( i . e .  c lo s e  t o  M m ode). The s o l u t io n  
o f  t h e s e  t im e  e v o lu t io n  e q u a t io n s  th e n  shows t h a t  t h e  s y s te m  t r a j e c t o r y  
r e a c h e s  p o in t  B a s y m p to t ic a l ly  i n  t im e ,  i . e .  p o in t  B r e p r e s e n t s  t h e  f i n a l
59
s te a d y  s t a t e  v a lu e  o f  Tg . n  an d  1\  a l s o  re a c h  t h e i r  c o r re s p o n d in g  s te a d y  
s t a t e  on M mode. T h is  shows t h a t  p o in t  B on th e  e q u i l ib r iu m  t r a j e c t o r y  
i s  t h e  p o in t  a t t r a c t o r  f o r  t h e s e  i n i t i a l  c o n d i t i o n s .  Now we t a k e  t h e  
v a lu e  o f  Tg c o r re s p o n d in g  t o  p o in t  B a s  i n i t i a l  v a lu e  (a n d  c o r re s p o n d in g  
v a lu e s  o f  n a n d  a l s o  a s  i n i t i a l  v a lu e s  o f  n  an d  T^ ) .  But now we change 
t h e  v a lu e  o f  m icrow ave pow er t o  t h e  one t h a t  c o r re s p o n d s  t o  p o in t  C 
( a n d  a c c o r d in g ly  ch an g e  t h e  v a lu e  o f  s in c e  we a r e  h o ld in g  R f ix e d )  an d  
s o lv e  t h e  i n i t i a l  v a lu e  p ro b le m  once more w i th  t h e s e  new i n i t i a l  c o n d i­
t i o n s .  Thus f o r  t h e s e  i n i t i a l  c o n d i t io n s  t h e  u p p e r  s h e e t  ( t h e  M mode) 
i s  t h e  p o in t  a t t r a c t o r  s e t .  So lo n g  a s  t h e  u p p e r  s h e e t  i s  a v a i l a b l e  
c l o s e  b y  t o  t h e  s e t  o f  i n i t i a l  c o n d i t i o n s ,  t h e  sy s te m  t r a j e c t o r i e s  a r e  
fo u n d  t o  b e  a t t r a c t e d  t o  i t .  As so o n  a s  t h e  i n i t i a l  p o in t  ( i . e .  p o in t  E) 
i s  p a s t  t h e  f o l d  edge  o f  t h e  u p p e r  s h e e t ,  t h e  u p p e r  s h e e t  c e a s e s  t o  b e  
an  a t t r a c t o r  an d  th e  t r a j e c t o r y  i s  a t t r a c t e d  t o  t h e  b o tto m  s h e e t  w h ich  
i s  now t h e  a t t r a c t o r .  T h is  jump from  p o in t  E t o  p o in t  F i n d i c a t e s  t h a t  
t h e  sy s te m  o b ey s t h e  d e la y  c o n v e n tio n .  N ote t h a t  v e ry  s m a l l  c h a n g es  i n
c o n t r o l  p a r a m e te rs  P., an d  P . h av e  c a u s e d  t h i s  jump i n  s t a t e  v a r i a b l e sr “ i
( n ,  Tg , T^) .  I t  i s  fo u n d  t h a t  n ,  Tg an d  T^ a l l  jump a t  t h e  same p o in t
( i . e .  a t  t h e  same v a lu e s  o f  P.. and  P . ) .r* i
Now we a r e  on t h e  lo w e r  s h e e t  (w h ich  i s  t h e  T m ode). We i n ­
c r e a s e  t h e  c o n t r o l  p a r a m e te r s  an d  P^ an d  o b s e rv e  th e  tim e  d ev e lo p m en t 
o f  ( n ,  Tg , T ^ ) .  We f i n d  t h a t  t h e  lo w e r  s h e e t  i s  t h e  p o in t  a t t r a c t o r  s e t .  
So lo n g  a s  t h i s  a t t r a c t o r  s e t  i s  a v a i l a b l e  c lo s e  t o  t h e  i n i t i a l  c o n d i t io n s  
( n ( 0 ) ,  Tg ( 0 ) ,  T^ ( 0 ) ) ,  t h e  o r b i t s  a r e  a t t r a c t e d  t o  i t .  H ow ever, o n ce  th e  
i n i t i a l ,  c o n d i t io n s  a r e  s u c h  t h a t  th e y  l i e  p a s t  t h e  f o l d  edge w h ere  lo w e r
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s h e e t  e n d s ,  t h e  lo w e r  s h e e t  i s  no lo n g e r  a v a i l a b l e  a s  an  a t t r a c t o r .  We 
f i n d  t h a t  t h e  o r b i t s  jump from  i n i t i a l  p o in t  G t o  f i n a l  e q u i l ib r iu m  
p o in t  H. T h is  c a t a s t r o p h i c  jump f o r  s m a l l  c o n tin u o u s  ch an g es  i n  c o n t r o l  
p a r a m e te r s  ^  an d  i s  t h e  T — *M t r a n s i t i o n .  A g a in  i n d i c a t i n g  
t h a t  t h e  sy s te m  o beys t h e  d e la y  c o n v e n tio n .
We a l s o  o b s e rv e  t h a t  i f  t h e  i n i t i a l  c o n d i t io n s  a r e  s u c h  t h a t  
t h e  p o in t  l i e s  on m id d le  s h e e t ,  i t  i s  r e p e l l e d  an d  i s  a t t r a c t e d  t o  e i t h e r  
u p p e r  o r  lo w e r  s h e e t ,  d ep e n d in g  on w h e th e r  M o r  T i s  th e  s t r o n g  a t ­
t r a c t o r .  Thus t h e  m id d le  s h e e t  i s  u n s t a b l e .  T r a j e c t o r i e s  I J  an d  KL a r e  
two su ch  t y p i c a l  r u n s .
Our c o n c lu s io n ,  t h e n ,  i s  t h a t  t h e  u p p e r  and  lo w e r s h e e t s  a r e  
a t t r a c t o r s  o f  o r b i t s ,  w h i le  th e  m id d le  s h e e t  i s  a  r e p e l l o r  o f  o r b i t s .  The 
sy s tem  fo l lo w s  th e  d e la y  c o n v e n tio n  an d  e x h i b i t s  c a t a s t r o p h i c  jum ps a t  t h e  
f o l d  ed g es  a s  i n d i c a t e d  b y  o u r  e a r l i e r  e q u i l ib r iu m  a n a l y s i s .  The re m a in in g  
f i g u r e s  i n  t h i s  c h a p te r  a r e  t o  b e  i n t e r p r e t e d  an d  u n d e r s to o d  i n  t h e  s p i r i t  
o f  t h i s  d i s c u s s i o n .  F ig u r e s  28 ( a ) ,  ( b )  an d  ( c )  th e n  show t h a t  t h e  above 
c o n c lu s io n s  h o ld  w h en ev er t h e  e q u i l ib r iu m  s u r f a c e  h a s  o n ly  one f o l d .
T h is  i s  i r r e s p e c t i v e  o f  t h e  d i r e c t i o n  o f  y  = T ^/T q i n c r e a s i n g  on t h e  
e q u i l ib r iu m  c u rv e s  ( i . e .  w h e th e r  T^ ^  Tg o r  T^ <  Tg ) o r  w h e th e r  ICRH i s  
b e in g  u s e d  o r  n o t .
The h y s t e r e s i s  e f f e c t  i s  v e ry  e v id e n t .  I t  i s  t o  b e  n o te d  t h a t  
i n  t h e  e x p e r im e n t h y s t e r e s i s  i s  a l s o  o b s e rv e d .
B. Time E v o lu t io n  f o r  E q u i l i b r i a  w i th  M u l t ip le  F o ld s
F ig u r e s  29 a ,  b  show t y p i c a l  r e s u l t s  f o r  t h e  n o n l in e a r  tim e  
e v o lu t io n  ru n s  when e q u i l i b r iu m  s u r f a c e s  h av e  m u l t i p l e  f o ld s  w h ich  o c c u r
6l
o n ly  when t h e  a m b ip o la r  e l e c t r o s t a t i c  p o t e n t i a l  (p i s  p o s i t i v e  ( i . e .  when 
io n s  a r e  n o n r e s o n a n t ) .  In  F ig u r e s  29 a ,  b ,  t h e  M , T , C modes a r e  
j o in e d  a t  f o ld  ed g es  by  s h e e ts  w h ich  b y  l i n e a r  th e o r y  can  b e  shown t o  b e  
u n s t a b l e .  T h is  w i l l  b e  v e r i f i e d ,  o f  c o u r s e ,  by  n o n l in e a r  t im e  e v o lu t io n  
r u n s .  A g a in  we s e e  t h a t  t h e  e q u i l i b r i a  fo l lo w  th e  d e la y  c o n v e n tio n  and  
t h e  c a t a s t r o p h i c  jum ps o c c u r  a t  f o l d  e d g e s . F ig u re  29 (b ) shows t h a t  
f o r  <p ' = 1 . 1 , t h e  C —> M  t r a n s i t i o n  can  o c c u r  a s  c la im e d  in  t h e  l a s t  
c h a p te r .
The im p l i c a t io n s  o f  t h e s e  r e s u l t s  f o r  t h e  EBT e x p e r im e n ts  a r e  ' 
c l e a r :  M , T an d  C modes w i l l  be  n o n l i n e a r ly  s t a b l e .  The e q u i l i b r i a
shown as  d a sh e d  c u rv e s  w i l l  b e  u n s t a b l e .  Thus th e  t o r o i d a l  c o r e  p la sm a  
w i l l  b e  a  sy s te m  e x h i b i t i n g  c a t a s t r o p h i c  jum ps i n  ( n ,  Tg , T^) a s  v a r io u s  
e x p e r im e n ta l  p a r a m e te r s  ( n ^ ,  V ^  ) a r e  ch an g ed  sm o o th ly . The p la sm a
w i l l  a l s o  e x h i b i t  h y s t e r i s i s .
C. B a s in s  o f  t h e  P o in t  A t t r a c t o r s
Now we w ould  l i k e  t o  fo l lo w  t h e  n o n l in e a r  tim e  e v o lu t io n  o f
th e  sy s te m  t r a j e c t o r y  when one o r  more o f  t h e  s t a b l e  v a r i a b l e s  a r e  i n i t i a l l y
o n /n e a r  d i f f e r e n t  e q u i l ib r iu m  s u r f a c e s  ( M , T o r  C m o d es).
F ig u r e s  30 ( a )  th ro u g h  ( i )  show t h e  e q u i l ib r iu m  c u rv e s  f o r
s t a t e  v a r i a b l e s  ( n ,  T , T .)  a s  f u n c t io n s  o f  t h e  c o n t r o l  p a ra m e te r  P ^  a te i  r
f i x e d  v a lu e s  o f  n^  = 0 .0 1 ,  e<^ /T^  = 0 .1  and  R = 0 . 9  f o r  n o n re s o n a n t  n e o ­
c l a s s i c a l  io n s  w i th  ICRH. F o r  t h e  p a r t i c u l a r  p a r a m e te rs  ch o sen  f o r  t h i s  
f i g u r e ,  t h e  e q u i l ib r iu m  s u r f a c e  h a s  two f o l d s .  The u p p e r ,  lo w e r  an d  m id d le
s h e e ts  i n  T o r  T. v s .  P.. p l o t s  a r e  a t t r a c t o r s  o f  o r b i t s  ( i . e .  t h e  s t a b l e  e  l  f*-
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e q u i l ib r iu m  M , C an d  T modes r e s p e c t i v e l y ) . N ote t h a t  i n  t h e  e q u i ­
l i b r iu m  t r a j e c t o r y  o f  n  v s .  P .. , t h e  lo w e r  s h e e t  i s  t h e  s t a b l e  M mode 
w h ile  t h e  u p p e r  s h e e t  i s  s t a b l e  C mode. The d a sh e d  l i n e s  a g a in  r e p r e ­
s e n t  r e p e l l o r  o f  o r b i t s  ( t h e  u n s ta b le  s h e e t s ) .
I n  F ig u re  30 ( a ) ,  n ( 0 )  i s  ch o sen  t o  l i e  on t h e  s t a b l e  C mode, 
w h i le  T (0 )  and  T ^ O )  a r e  ch o se n  t o  l i e  v e ry  c lo s e  t o  t h e  f o l d  edge o f  
t h e  T mode. The t im e  e v o l u t i o n ,  u s in g  th e s e  i n i t i a l  c o n d i t i o n s ,  shows 
t h a t  t h e  f i n a l  s te a d y  s t a t e  o f  t h e  sy s te m  w i l l  b e  t h e  C mode. Now i f  
Tg (0)  a n d  T^( 0 )  a r e  k e p t  f i x e d  an d  n ( 0 )  i s  r e d u c e d  t o  l i e  n e a r  t h e  f o ld  
edge j o i n i n g  t h e  T mode t o  t h e  M m ode, t h e  f i n a l  s te a d y  s t a t e  i s  M 
mode. See F ig u re  30 ( b ) .  H ence a  change i n  t h e  l o c a t i o n  o f  t h e  i n i t i a l  
v a lu e  o f  t h e  s t a t e  v a r i a b l e  n  c a u s e s  a  v e ry  s i g n i f i c a n t  change i n  t h e  
f i n a l  e q u i l ib r iu m  a t t r a c t o r  o f  t h e  o r b i t s ,  i . e .  b y  c h a n g in g  n ( 0 ) we can  
f i n i s h  i n  M mode w i th  h ig h  te m p e r a tu r e s  f o r  T ^ , Tg r a t h e r  th a n  i n  th e  
C mode w i th  T ^ , Tg b e in g  q u i t e  c o o l .
I n  F ig u re  30 ( c ) ,  t h e  i n i t i a l  v a lu e  o f  t h e  s t a t e  v a r i a b l e  n  i s  
l o c a t e d  on t h e  r e p e l l o r  j o i n i n g  M an d  T m odes, w h i le  Tg (0 )  a n d  T^(0)  
a r e  ch o se n  t o  l i e  on t h e  C mode. H ow ever, th e  t im e  e v o lu t io n  ru n  shows 
t h a t  t h e  o r b i t s  a r e  p u l l e d  b y  a n o th e r  a t t r a c t o r  ( i . e .  M m ode). S in c e  
Te (0 )  and  T^(0)  a r e  th e m s e lv e s  a t t r a c t o r s  o f  o r b i t s ,  t h e r e  i s  th u s  a  
c o m p e t i t io n  b e tw een  t h r e e  a t t r a c t o r s ;  M , T an d  C m odes. Thus f o r  
t h e s e  i n i t i a l  c o n d i t io n s  we can  s a y  t h a t  t h e  M mode i s  a  s t r o n g  a t t r a c ­
t o r  com pared  t o  t h e  T and  C m odes. F ig u re s  30 (d )  th ro u g h  ( i )  p ro v id e  
more ex am p les o f  su ch  c o m p e t i t io n s  b e tw een  t h e  a t t r a c t o r s .  T a b le  15 sum­
m a r iz e s  t h e  r e s u l t s  o f  F ig u r e s  3 0 . T h is  t a b l e  shows t h e  l o c a t i o n  o f  th e
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i n i t i a l  v a lu e s  o f  s t a t e  v a r i a b l e s ,  w h ich  a r e  t h e  co m p e tin g  a t t r a c t o r s  and
w hich  one  w in s .  In  F ig u r e s  31 we show th e  a c t u a l  t im e  e v o lu t io n  o f  n ( t ) ,
Tg ( t ) ,  T ^ ( t )  f o r  t h e  same i n i t i a l  c o n d i t io n s  a s  th o s e  ch o se n  i n  F ig u re s
30 ( f )  an d  ( e ) .  The s o l i d  l i n e  c o r re s p o n d s  t o  F ig u re  3 0 ( f ) ,  w h ile  t h e
d ash e d  l i n e  c o r re s p o n d s  t o  F ig u re  3 0 ( e ) .  F ig u re  31 i s  a  v i v i d  r e p r e s e n t a -
«*
t i o n  o f  th e  f a c t  t h a t  a  s m a l l  change i n  t h e  i n i t i a l  s t a t e  can  l e a d  t o  
a  d r a s t i c  ch an g e  i n  t h e  f i n a l  e q u i l i b r iu m  s t a t e .
I n  f a c t , an  e x h a u s t iv e  s tu d y  a lo n g  above l i n e s  can  e x a c t ly  de­
l i n e a t e  t h e  b a s i n  o f  each  a t t r a c t o r  an d  d e te rm in e  t h e  r e l a t i v e  s t r e n g t h  
o f  a t t r a c t o r s  when c o m p e t i t io n  e x i s t s  b e tw een  m u l t i p l e  a t t r a c t o r s .  T h is  
w ou ld  c o m p le te ly  d e te rm in e  t h e  d ynam ics o f  t h e  sy s te m .
The above r e s u l t s  h av e  im p o r ta n t  i m p l i c a t io n s  f o r  EBT e x p e r i ­
m e n ts . The c h o ic e  o f  t h e  i n i t i a l  c o n d i t io n s  ( n ( 0 ) ,  Tg ( 0 ) ,  T ^ ( 0 ) )  a s  w e l l  
a s  t h e  v a lu e s  o f  c o n t r o l  p a r a m e te r s  can  b e  v e ry  im p o r ta n t  a s  t o  w h ich  
mode ( M , T o r  C ) t h e  e x p e r im e n t w i l l  s e t t l e  i n t o .  One o f  t h e  ex ­
p e r im e n ta l  modes o f  o p e r a t i o n  may b e  s t r o n g e r  th a n  th e  o t h e r s ,  th u s  
becom ing  t h e  do m in an t e q u i l ib r iu m  mode.
V I I I .  SUMMARY M D CONCLUSIONS
A num ber o f  p h y s i c a l  sy s tem s  show d i s c o n t i n u i t i e s  i n  b e h a v io r  
when t h e  e x t e r n a l  p a r a m e te r s  a r e  ch an g ed  c o n t in u o u s ly .  Such a  d is c o n ­
t i n u i t y  o r  jump i s  c a l l e d  a  c a ta s t r o p h e .  E le m e n ta ry  c a ta s t r o p h e  th e o r y  
(ECT) d e a ls  w ith  sy s te m s  whose g o v e rn in g  e q u a t io n s  can  b e  e x p r e s s e d  a s
d x /d t  = f ( x ;  oC 5 t )  w here  th e  s t a t e  v e c to r  x  c o n s i s t s  o f  s t a t e  v a r i a b l e s
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w hich  d e s c r ib e  th e  b e h a v io r  o f  t h e  s y s te m , c o n t r o l  v e c to r  oC c o n s i s t s  o f  
t h e  e x t e r n a l  p a r a m e te rs  an d  f  i s  e x p r e s s i b l e  a s  g r a d ie n t  o f  a  s c a l a r  
( i . e .  f  = w ith  V = f / " 3 x ) .  Such sy s tem s  a r e  c a l l e d  g r a d ie n t  dy­
nam ic sy s tem s and  ECT a p p l i e s  o n ly  t o  g r a d ie n t  dynam ic s y s te m s . ECT 
p r e d i c t s  t h a t  t h e r e  e x i s t s  a t  m ost sev e n  t o p o l o g i c a l l y  d i s t i n c t  c a n o n ic a l  
fo rm s o f  e q u i l i b r i a  when t h e  c o n t r o l  v e c to r  oC i s  n o t m ore th a n  f i v e  
d im e n s io n a l .  Thom 's c l a s s i f i c a t i o n  th e o re m  y i e l d s  a  c o m p le te  l i s t  o f  
p o s s i b le  s i n g u l a r  b e h a v io r s  i n  t h e  e q u i l ib r iu m  s o l u t io n s  a s  one  v a r i e s  
th e  c o n t r o l  v e c to r  c C . T h is  th e o re m  a l s o  d i s t i n g u i s h e s  b e tw een  t h e  
s t r u c t u r a l l y  s t a b l e  an d  u n s t a b l e  p a r t s  o f  e q u i l ib r iu m  s u r f a c e s  x^q = x^0 ( ° ^ ) '  
Even i f  one does n o t  know th e  p o t e n t i a l  V a c c u r a t e l y ,  ECT g u a r a n te e s  t h a t  
t h e  o n ly  s i n g u l a r  b e h a v io r  i n  x^q t h a t  can  o c c u r  m ust t a k e  one o f  th e  
s e v e n  form s s p e c i f i e d  b y  t h e  th e o re m  ( f o l d ,  c u s p ,  e t c . ) .  ECT does n o t  
a t te m p t  t o  c o n s id e r  t h e  d y n am ica l b e h a v io r  o f  sy s te m . N e v e r th e le s s  Thom 
in t r o d u c e d  two d i f f e r e n t  c o n v e n tio n s  t o  b e  a d o p te d  when d e a l in g  w i th  th e  
t im e  e v o lu t io n  o f  s y s te m s . I f  t h e  sy s te m  s e e k s  t h e  g lo b a l  minimum o f
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p o t e n t i a l ,  i t  i s  s a i d  t o  fo l lo w  t h e  M axw ell c o n v e n tio n .  I f  i t  s e e k s  
l o c a l  minim um , i t  i s  s a i d  t o  obey  D elay  c o n v e n tio n .  The d e la y  conven­
t i o n  l e a d s  t o  h y s t e r e s i s ,  w h i le  t h e  M axw ell c o n v e n tio n  does n o t .
E x p e r im e n ta l  o b s e r v a t io n s  i n  t h e  Elmo Bumpy T o ru s d e v ic e  f o r  
c o n t r o l l e d  th e rm o n u c le a r  f u s io n  shows t h a t  t h e  t o r o i d a l  c o re  p la sm a  shows 
d is c o n t in u o u s  ch an g es i n  t h e  e l e c t r o n  d e n s i t y ,  e l e c t r o n  te m p e r a tu r e ,  io n  
te m p e r a tu r e  and  a l s o  i n  t h e  f l u c t u a t i o n  l e v e l s  o f  t h e  e l e c t r o n  d e n s i ty  a s  
t h e  e x t e r n a l  p a r a m e te rs  a r e  c o n t in u o u s ly  ch a n g ed . We u se  t h e  s im p le s t  
m odel f o r  t o r o i d a l  c o r e  p la sm a  i n  EBT -  t h e  P o in t  Model o f  H e d ric k  e t  a l .  
t o  a p p ly  c a ta s t r o p h e  th e o r y  so a s  t o  u n d e r s ta n d  t h e  c a t a s t r o p h i c  b e h a v io r .  
In  t h i s  m o d e l, t h e  v e l o c i t y  sp a c e  d ep e n d en t e f f e c t s  a r e  ig n o re d  an d  th e  
a m b ip o la r  e l e c t r i c  f i e l d  E i s  a v e ra g e d  o v e r  c o n f ig u r a t i o n  s p a c e .  The 
e f f e c t s  o f  in h o m o g e n e it ie s  i n  m a g n e tic  f i e l d  a r e  i n c o r p o r a t e d  th ro u g h  
n e o c l a s s i c a l  d i f f u s i o n  c o e f f i c i e n t .  By c o n s id e r in g  t h e  a m b ip o la r  e l e c t r i c  
f i e l d  E a s  a  p a r a m e te r ,  we can  a v o id  h a v in g  t o  s t i p u l a t e  t r a n s p o r t  c o e f ­
f i c i e n t  f o r  r e s o n a n t  p a r t i c l e s .  We e a s i l y  v e r i f y  t h a t  EBT p o in t  m odel i s  
n o t  a  g r a d ie n t  dynam ic sy s te m  an d  th u s  ECT an d  T hom 's p o w e rfu l  c l a s s i f i c a ­
t i o n  th e o re m  a r e  i n a p p l i c a b l e .  N e v e r th e l e s s ,  t h e  EBT p o in t  m odel e q u i­
l i b r iu m  s u r f a c e s  e x h i b i t  p r o p e r t i e s  w h ich  a r e  c h a r a c t e r i s t i c  o f  t h e  can ­
o n i c a l  c u sp  c a ta s t r o p h e  o f  ECT -  even  th e  s t a b i l i t y  c o n d i t io n s  a t  t h e  
f o l d s ,  a  r e s u l t  t h a t  i s  n o t  o b v io u s . We f i n d  t h a t  t h e  r e s u l t s  e x p la in  
t h e  e x p e r im e n ta l  f i n d in g s  q u i t e  w e l l  i n  a  q u a l i t a t i v e  w ay. E n co u rag ed  by  
t h i s  s u c c e s s ,  we a l s o  s tu d y  t h e  e f f e c t s  o f  io n  c y c lo t r o n  re s o n a n c e  h e a t i n g  
(ICRH) on t h e  e q u i l i b r i a  s in c e  ICRH i s  now on  l i n e  i n  EBT. T h is  l e a d s  
t o  a  num ber o f  n o v e l  f e a t u r e s  o f  e q u i l i b r i a  w h ich  now become r i c h  i n  
s t r u c t u r e  a n d  v a r i e t y .
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In  g e n e r a l ,  t h e  e q u i l ib r iu m  s u r f a c e s  a r e  fo u n d  to  b e  s i n g l y  o r  
m u l t i p ly  fo ld e d  w i th  a l t e r n a t i n g  s t a b l e  and  u n s t a b l e  s h e e t s .  W henever 
p o s s i b l e ,  a t te m p ts  a r e  made t o  i d e n t i f y  th e  s t a b l e  s h e e t s  w ith  e x p e r i ­
m e n ta l  modes o f  o p e r a t i o n  o f  EBT. The movement o f  f o ld s  w ith  s t a t e  
v a r i a b l e s  an d  c o n t r o l  p a r a m e te r s  i s  d e te rm in e d  i n  m ost common c a s e s .  By 
fo l lo w in g  t h e  t im e  e v o lu t io n  o f  t h e  p o in t  m o d e l, we f i n d  t h a t  t h e  sy s te m  
o b ey s t h e  d e la y  c o n v e n tio n .  C a ta s t ro p h e s  i n  t h e  form  o f  d i s c o n t in u o u s  
ch a n g es  i n  t h e  e q u i l i b r iu m  v a lu e s  o f  s t a t e  v a r i a b l e s  ( n ,  Tg , T^) a r e  see n  
a t  t h e  f o l d  e d g e s . C hanges i n  t h e  s t a t e  v a r i a b l e s  a f t e r  th e  c a ta s t r o p h e s
a r e  d e te rm in e d .  The sy s te m  e x h i b i t s  h y s t e r e s i s .  The d i r e c t i o n  o f  T . / T1 e
on t h e  e q u i l ib r iu m  s u r f a c e s  a r e  s e e n  t o  r e v e r s e  a s  t h e  e l e c t r o n  and  io n  
t e m p e r a tu r e s  e q u a l i z e  an d  t h e r e  a r e  s t r o n g  i n d i c a t i o n s  t h a t  e q u i l i b r iu m  
t r a j e c t o r i e s  c o l l a p s e  t o  p o in t s  a t  t h e s e  p o i n t s  o f  r e v e r s a l .  The c h o ic e  
o f  i n i t i a l  e q u i l i b r i a  a s  w e l l  a s  v a lu e s  o f  c o n t r o l  p a ra m e te rs  a r e  s e e n  t o  
b e  v e ry  im p o r ta n t  a s  r e g a r d s  i n t o  w h ich  mode o f  o p e r a t io n  th e  p la sm a  w i l l  
e v e n tu a l ly  s e t t l e .  T h ere  a r e  some i n t e r e s t i n g  r e s u l t s  when t h e r e  a r e  
c o m p e t i t io n s  b e tw e en  m u l t i p l e  p o in t  a t t r a c t o r s .  The i m p l i c a t io n s  t o  ex­
p e r im e n t  o f  t h e  q u a l i t a t i v e  p r o p e r t i e s  w h ich  fo l lo w  from  th e  c a ta s t r o p h e  
a n a l y s i s  o f  p o in t  m odel an d  i t s  n o n l i n e a r  t im e  e v o lu t io n  a r e  i n d i c a t e d .
I t  i s  s t r i k i n g  t h a t  a  m odel ( o f  p la sm a  i n  EBT) a s  c ru d e  and  
s im p le  a s  t h e  one t h a t  we h a v e  u s e d  can  f u r n i s h  so  much in fo rm a t io n  and  
e x h i b i t  su ch  r i c h  s t r u c t u r e .  I t  n o t  o n ly  e x p la in s  e x p e r im e n ta l  f in d in g s  
b u t  a l s o  g iv e s  i n s i g h t  i n t o  w hat m ig h t h ap p en  i n  f u t u r e  e x p e r im e n ts  ( i n  
t h e  p r e s e n c e  o f  ICRH). On t h e  o t h e r  h a n d , a  s o p h i s t i c a t e d  m odel c o u ld  
g iv e  m ore d e t a i l s  an d  m ore a c c u r a te  in f o r m a t io n .  N e v e r th e le s s ,  su ch  a
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m odel i s  n o t  n e c e s s a r y  f o r  a  g e n e r a l  o v e r a l l  q u a l i t a t i v e  u n d e r s ta n d in g  
o f  t h e  b e h a v io r  o f  p la s m a .
The i n e v i t a b l e  c o n c lu s io n  t h i s  d i s s e r t a t i o n  l e a d s  u s  t o  i s  th e  
fo l lo w in g :  i f  we e n c o u n te r  a  p h y s i c a l  sy s tem  w hose b e h a v io r  i s  a f f e c t e d
b y  some e x t e r n a l l y  c o n t r o l l a b l e  p a r a m e te r s , th e n  i t  may b e  v e ry  u s e f u l  
t o  c o n s t r u c t  a  s im p le  m odel o f  t h e  sy s te m . Such a  m odel can  u n r a v e l  t h e  
g e n e r a l ,  o v e r a l l  q u a l i t a t i v e  b e h a v io r  o f  t h e  sy s te m . Once we h av e  g a in e d  
i n s i g h t  i n t o  t h e  to p o lo g y  o f  t h e  sy s te m  b e h a v io r ,  a  s o p h i s t i c a t e d  m odel 
c a n  th e n  b e  em ployed  t o  g iv e  m ore d e t a i l s  a n d  a t t a i n  g r e a t e r  a c c u ra c y .
I n  p a r t i c u l a r  i t  seem s t h a t  t h i s  r e s u l t  a p p l i e s  t o  EBT.
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APPENDIX A
POINT MODEL EQUATIONS ARE NOT A GRADIENT DYNAMIC SYSTEM
In  t h i s  a p p e n d ix  we w i l l  show t h a t  t h e  p o in t  m odel e q u a t io n s  a r e
n o t  a  g r a d ie n t  dynam ic sy s te m .
We d e n o te  t h e  s t a t e  v e c to r  x  = ( n ,  T , T . ) a s  a  v e c to r  i n  c a r -’ e ’ 1
t e s i a n  c o o r d in a te s  an d  w r i t e  th e  p o in t  m odel e q u a t io n s  i n  t h e  form  
w here  t h e  c o n t r o l  v e c to r
^=r(n0j or e /^Tc J ^ j PJ .
Now th e  p o in t  m odel e q u a t io n s  w ith  n e o c l a s s i c a l  n o n re s o n a n t  
e l e c t r o n s  o r  io n s  s a t i s f y
r  4 ! , w / T e3/2- -  *  / ’' a l
J l f t  J  ^  e l e c ^ v o n & 3
&  I r  ^  C L > | T c 3 / i  v \ ) U  (A2)
~  T^Li s\~~ ^  J
l  C l ^ i " V T cS )  u o n s )
=  P v
(A3)j T e  c  -  C ,  -Q . ( j - I j r j  — ~Te f lo
d t  =  '  “ F  T e " 2-
<1T.- ~ \  c n _  (a^ )
d t  =  c ' v r +  ^
=  ^  70
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V e c to r  F = (F  , F , F ) can  b e  e x p r e s s e d  a s  a  g r a d ie n t  o f  a  x  y  z
s c a l a r  i f  an d  o n ly  i f  c u r l  F v a n i s h e s .  Wow
(VX F = 7> /-jT e ~  I
=  3  J L  (  - A
-  O . -T f ^  =  - r e
We now c o n s id e r  th e  re m a in in g  com ponents o f  c u r l  F when Th = T . 
F i r s t  we c o n s id e r  t h e  c a s e  o f  p o in t  m odel e q u a t io n s  w ith  n e o c l a s s i c a l  
n o n re s o n a n t  e l e c t r o n s .  In  t h i s  c a s e
( y x F ^ =
=  c . P c / n i
n  = o
C w x f ^  =  ' t t ' i h *  -
(  1 +  *  ( 1 +  < V ' a / T e ! )
—  A a
T h is  m eans t h a t  t h e  p o in t  m odel e q u a t io n s  w i th  n e o c l a s s i c a l  
n o n re s o n a n t  e l e c t r o n s  a r e  n o t  a  g r a d ie n t  dynam ic sy s te m .
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Nov l e t  u s exam ine t h e  p o in t  m odel e q u a t io n s  w i th  n e o c l a s s i c a l  
n o n re s o n a n t  i o n s .  In  t h i s  c a s e
CvxFK » -»F* /Vri -
= c, r  5 a ,1 c " W ' 2-) +  / tl j
^  *  C W  ^  ^ / T i r )  (. 1 +  q *  WV t u SJ ^
H ence th e  p o in t  m odel e q u a t io n s  w ith  n e o c l a s s i c a l  n o n re s o n a n t  
io n s  i s  n o t  a  g r a d ie n t  dynam ic sy s te m .
APPENDIX B
MOTION OF CHARGED PARTICLES IN THE MAGNETIC FIELD 
OF ELMO BUMPY TORUS
I n  t h i s  a p p e n d ix ,  we w i l l  s tu d y  t h e  m o tio n  o f  c h a rg e d  p a r t i c l e s
i n  t h e  m a g n e tic  f i e l d  c o n f ig u r a t io n  o f  t h e  Elmo Bumpy T orus a n d  show w hat
i s  m eant by  r e s o n a n t  o r  n o n re s o n a n t  p a r t i c l e  i n  th e  c o n te x t  o f  t h i s
m o tio n . The f i e l d s  r e q u i r e d  f o r t h e  c o n f in e m e n t o f  c h a rg e d  p a r t i c l e s  a r e
q u i t e  c o m p lic a te d .  T h e re fo re  t h e  e x a c t  i n t e g r a t i o n  o f  t h e  e q u a t io n s  o f
m o tio n  i s  u s u a l l y  n o t  p o s s i b l e .  F o r t h i s  r e a s o n ,  we w i l l  t r e a t  p a r t i c l e
m o tio n  b y  m eans o f  a p p ro x im a tio n  t e c h n iq u e s ;  i n  p a r t i c u l a r  we w i l l  u se
p a r t i c l e  d r i f t  e q u a t io n s .  H ow ever, even  th e n  th e  a p p ro x im a te  e q u a t io n
i t s e l f  c a n n o t b e  i n t e g r a t e d  and  i t  i s  s t i l l  n e c e s s a ry  t o  c a r r y  o u t  a
f u r t h e r  a v e ra g in g  p r o c e d u re ;  one m ust make u s e  o f  m ethods b a s e d  on th e
e x i s t e n c e  o f  a  l o n g i t u d i n a l  i n v a r i a n t .
We s t a r t  w i th  t h e  n o n r e l a t i v i s t i c  e q u a tio n  o f  m o tio n  o f  a
p a r t i c l e  o f  m ass m an d  c h a rg e  e i n  an  e l e c t r i c  f i e l d  E a n d  a  m ag n e tic  
■>
f i e l d  B. We w i l l  u se  e . g . s .  u n i t s  h e r e .
M - . e E  +  (B1)
V i s  t h e  p a r t i c l e  v e l o c i t y  and  C i s  s p e e d  o f  l i g h t .
I f  t h e  p a r t i c l e  m o tio n  i s  d e s c r ib e d  i n  te rm s  o f  g e n e r a l i z e d  
c o o r d in a t e s ,  q ^ ,  th e n  t h e  e q u a t io n  o f  m o tio n ,  i n  L a g ra n g ia n  fo rm , i s
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7^j .  ^  _ rii
d t  (B2)
The L a g ra n g ia n  £  i s
£  ~ ' ^ 2' -v — ^o f\ — e  J  ... (S3)
a . c
The v e c to r  p o t e n t i a l  A a n d  s c a l a r  p o t e n t i a l  CD a r e  r e l a t e d  t o  f i e l d s  E 
and B by  th e  e x p r e s s io n s
e  =  -  '  —  -  y  <£
A -*> (b U)
B  =  c u a £  A
The p a r t i c l e  e q u a t io n s  o f  m o tio n  ca n  a l s o  b e  w r i t t e n  i n  t h e  
H a m ilto n ia n  fo rm . In  t h a t  c a s e  eq . ( B 2 ) ,  t h e  sy s te m  o f  t h r e e  seco n d  
o r d e r  e q u a tio n s  f o r  t h e  c o o r d in a te s  q ^ ,  i s  r e p la c e d  b y  a  sy s tem  o f  s i x  
f i r s t  o r d e r  e q u a t io n s  f o r  t h e  t h r e e  c o o r d in a te s  q^ an d  th e  t h r e e  momenta
). = / 'd  q . :
f ,
(B5)
The q u a n t i t y  H( q ^ ,  p^ )  i s  t h e  H a m il to n ia n ,  w h ich  i s  r e l a t e d  t o  
t h e  L a g ra n g ia n  b y
. «
(b6)
In  o u r  c a s e
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I f  t h e  f i e l d  e x h i b i t s  a x i a l  sym m etry , t h e  L a g ra n g ia n  i s  in d e ­
p e n d e n t o f  a x im u th a l  a n g le  1Q  i n  a  c y l i n d r i c a l  c o o r d in a te  s y s te m , and  
t h e  a n g u la r  momentum i s  c o n s e rv e d :
=Vv\|r2-4) + f-rA*) = “ nst. (b8)
I f  t h e  f i e l d s  a r e  in d e p e n d e n t o f  t im e ,  e q . (B l)  a l lo w s  an 
i n t e g r a l  o f  e n e rg y
£  -  \  e < £  = c o v d s t .
*  (B9)
S in c e  t h e  L o re n tz  f o r c e  e / c  V x  B i s  p e r p e n d ic u l a r  t o  p a r t i c l e  
v e l o c i t y ,  t h e  m a g n e tic  f i e l d  d o es  no w ork an d  t h e r e f o r e  t h e  m a g n e tic  
f i e l d  does n o t  a p p e a r  i n  t h e  e n e rg y  i n t e g r a l .
( c )In  o r d e r  t o  e l im in a t e  c y c l i c  c o o r d in a t e s  q , we in t r o d u c e  th e
Rouse f u n c t i o n ,  d e f in e d  a s
^  L C O
(BIO)
w here  sum m ation i s  ta k e n  o v e r  c y c l i c  c o o r d in a te s  o n ly .  In  t h i s  c a s e ,
. ( c )  ( c )t h e  q i n  R a r e  e l im in a t e d  b y  t h e  i n t e g r a l s  p = c o n s t a n t .  I n t r o ­
d u c in g  th e  R ouse f u n c t io n  c o r re s p o n d s  t o  t a k i n g  t h e  H a m ilto n ia n  fo rm  i n  
t h e  c y c l i c  v a r i a b l e s  an d  k e e p in g  th e  L a g ra n g ia n  form  i n  t h e  o t h e r  c o o r­
d i n a t e s ,  i . e .
• < o  f c R / a t > < c )
% C  =  ( B l l )
a  R- a g .
d t
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Now, f o r  t h e  m o tio n  o f  p a r t i c l e  i n  a x i a l l y  sy m m etric  f i e l d s ,  an 
a r b i t r a r y  a x i a l l y  sym m etric  m a g n e tic  f i e l d  can  b e  d e s c r ib e d  b y  tw o com­
p o n e n ts  o f  t h e  v e c to r  p o t e n t i a l ,  A ^  and  Az> Thus t h e  L a g ra n g ia n  becom es
(B12)
In  t h i s  c a s e ,  R ouse f u n c t io n  becom es
r . -  * -  . (B13)
oC <-
«*vv\ ^  if*
r4>
h o  ^  c o n  s i  ( B l t )
I n  p a r t i c u l a r ,  i f  Az = 0 ,  t h e r e  i s  no com ponent an d  th e  
p ro b lem  re d u c e s  t o  t h e  m o tio n  o f  a  p a r t i c l e  i n  a  p o t e n t i a l  f i e l d  
u  = u °  + e ^ :
v w i r  =  —  ' * Kx- l l > ' r  
v w i t£  -  (B15)
The e x i s t e n c e  o f  e n e rg y  i n t e g r a l  e q . (B9) can  b e  u s e d  t o  e s t i ­
m ate t h e  r e g io n  o f  p o s s i b le  p o s i t i o n s  o f  th e  p a r t i c l e :
e H £  =  ^ + ‘ * .  c b i6)
oC
H ere VJ'q an d  a r e  t h e  p a r t i c l e  s p e e d  an d  p o t e n t i a l  a t  t h e  p a r t i c l e  
l o c a t i o n  a t  t h e  i n i t i a l  t im e .
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- I f  t h e  f i e l d  i s  c o n s ta n t  i n  t im e  and  e x h i b i t s  a x i a l  sym m etry , 
th e n  b o th  e n e rg y  a n d  a n g u la r  momentum a r e  c o n s e rv e d . The e n e rg y  i n t e g r a l  
can  th e n  b e  w r i t t e n  i n  t h e  form
c  •= ^  ( Y  -v- -= c o w s t .
(B IT)
w here  u  i s  g iv e n  b y  e q . ( B l^ ) .  We can  th e n  e s t im a te  t h e  r e g io n  o f  p o s ­
s i b l e  p a r t i c l e  p o s i t i o n s :
U . ^  6 . ( b i 8 )
I f  a  p a r t i c l e  moves i n  a  m a g n e tic  f i e l d  w ith  a x i a l  sym m etry , 
d e s c r ib e d  by  o n ly  one com ponent o f  t h e  v e c to r  p o t e n t i a l  A ^  = A ^ ( r ) ,  
th e n
t \ =  ~  -  c © v r s i .
From e q s .  (B 8 ) , (B9) an d  (B19) we have
< P  -  i r C  ^  -  %  M
(B19)
(B20)
w here
The r i g h t  h an d  s i d e s  o f  t h e  e x p r e s s io n s  i n  (B 20) dep en d  on r  
o n ly ,  so  t h e  t r a j e c t o r y  e q u a t io n s  can  b e  re d u c e d  t o  q u a d r a tu r e s :
< ? a
t  = (B21>
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E q u a tio n s  o f  M otion  i n  D r i f t  A p p ro x im a tio n :
The d r i f t  a p p ro x im a tio n  i s  v a l i d  when t h e  L arm or r a d iu s  o f  t h e  
p a r t i c l e  i s  much s m a l l e r  th a n  th e  s c a l e  s i z e  o f  any  f i e l d  in h o m o g e n e ity  
a n d  t h e  Larm or f re q u e n c y  i s  much h ig h e r  th a n  any  c h a r a c t e r i s t i c  f i e l d  
f r e q u e n c y . T h is  m eans t h a t  t h e  m o tio n  o f  t h e  p a r t i c l e  R ( t )  can  b e  r e p r e -  
s e n te d  a s  a  g y r a t i o n  £  ( t )  w i th  a  s lo w ly  v a r y in g  r a d i u s , a n d  a  f re q u e n c y  
r C t ) ,  w h ich  we c a l l  t h e  g u id in g  c e n t e r :
R = 1“ |  Ct) (B22)
The e q u a t io n s  w h ich  d e s c r ib e  th e  a v e ra g e d  m o tio n  o f  t h e  g u id in g  
c e n te r  an d  t h e  ch an g e  i n  L arm or r a d iu s  J g  J a r e  c a l l e d  th e  d r i f t  e q u a t io n s .
F i r s t  c o n s id e r  t h e  c a s e  i n  w hich  t h e  f o r c e  F = (eE  + f ) /m  i s  
s m a l l  an d  t h e  d r i f t  v e l o c i t y  i s  much s m a l le r  th a n  t h e  p a r t i c l e  v e l o c i t y
■  ’ r l  « »
T h is  l i m i t a t i o n  can  b e  rem oved. C o n s id e r  t h e  e q u a t io n  o f  m o tio n  o f  
p a r t i c l e :
V  -  v n ?  i -  ^
(B23)
w here F = l /m (e E  + f )  i s  t h e  f o r c e  a c t i n g  p e r  u n i t  m ass . L e t
=  _  e t / ,0 0  —  WlCL (B210
T h is  l e a d s  t o
V ?  _  F  —  C *+■ W X i S
^  “  C2- CB25)
79
I n  o r d e r  t o  a p p ly  m ethod  o f  av e ra g in g ^ - t o  eq . (B 2 5 ) , in t r o d u c e
A A
an  o r th o g o n a l  c u r v i l i n e a r  c o o r d in a te  sy s te m  w i th  u n i t  v e c to r s  *^g»  
an d  L ? w h ich  a r e  r e l a t e d  t o  t h e  m a g n e tic  f i e l d  B a t  a  g iv e n  p o i n t :
A - *  .
To = 6 / B
"Co (B26)
A A
T ,  X T o  =  ^  \
A A A
T o  X T ,  =■ T z.
0 =  « „ r 0 +  \5i ( x , c o s e +  X j S . . v e 3  (B27)
an d  a r e  t h e  v e l o c i t y  com ponents p a r a l l e l  a n d  p e rp e n -
d i c u l a r  t o  B , o  i s  t h e  p h ase  o f  g y r a t i o n  a ro u n d  B . Then we can  o b ta in
e q u a t io n s  i n  t h e  new v a r i a b l e s  r ,  t f l l  , an d  0 :
i i = \ 3 „ r 0 -t- v h . ( x ,  c o s e  -t-
4^' = X . { f -  + l \ T .  ( x, tose 1- X2 Sin 8)
(B28)
( x , c « s e  ■*-
•  i  •
4® _ w -  x  tx,s>«e - X i c o i e ^ F - W v i  — \5j.tT,«£©+'ci s.ne>x 
i t _  x
Now . a  A x ' '
*  =  t>x .  + •  ( r c - v j  " c  i
C- t
(B29)
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S u b s t i t u t i n g  e q . (B29) i n  (B 2 8 ), we o b ta in  t h e  fo l lo w in g  sy s te m  
o f  e q u a t io n s :  ^
< U
(B30)
=  Q C  x ^ * t /  e )
c l't  ^
d® _  w C \ c  A t * A
d t
w h ich  a r e  i n  t h e  s ta n d a r d  fo rm  f o r  t h e  m ethod o f  a v e r a g in g .^
The s o l u t i o n  o f  t h e  sy s te m  i n  (B30) by  th e  m ethod o f  a v e ra g in g
i
g iv e s  t h e  fo l lo w in g  e x p r e s s io n  f o r  x :
*  =  I ' * ' *  +  ••• • (B31)
H ere  ^  ( t )  d e n o te s  t h e  a v e ra g e d  m o tio n  o f  t h e  p a r t i c l e  w h i le  t h e  s e c o n d  
te r m ,  w h ich  i s  p e r io d i c  i n  0 , d e s c r ib e s  t h e  g y r a t io n  i n  t h e  L arm or 
c i r c l e  a b o u t  t h e  g u id in g  c e n t e r .  The a v e ra g e  q u a n t i t y  ^  s a t i s f i e s  th e
e q u a t io n
(B32)v i  \J t  *- S <*> u >
-  ex. A
The q u a n t i t i e s  f , f  an d  f  a r e  d e f in e d  by
? =  1 - 1
i n  w h ich  t h e  i n t e g r a t i o n  i s  c a r r i e d  o u t  f o r  f i x e d  v a lu e s  o f  jP and  t .  
S u b s t i t u t i n g  t h e  r i g h t  h an d  s i d e s  o f  e q . (B 28) i n  e q . (B 3 2 ) , we o b t a i n  
fo l lo w in g  e x p r e s s io n s  f o r  t h e  a v e ra g e d  q u a n t i t i e s  r ,  an d  :
(B33)
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4 i =  e u r 0  +  ^  ( f -  < r -  ^  v t o )
d t
4§r = w F -  + \?±i. r 0 • V X ?  
d t  a t  ^ * 5  0
4Zi- = _  (  To - 7XP -
^  WHO"*- y
(B3lt)
H ere
£  =  w  ( . <  +
i s  t h e  a v e ra g e d  e n e rg y  and
T i =  -  
i  vw io
—>
i s  t h e  so  c a l l e d  t r a n s v e r s e  a d i a b a t i c  i n v a r i a n t .  T i s  g iv e n  by  
■' A  n A  i
T «  ( To * ’0  T„ = w IR.
w h ich  i s  t h e  v e c to r  c u r v a tu r e  o f  l i n e  o f  f o r c e .  I f  c u r l  f  = 0 ,  i s
c o n s e rv e d  an d  we g e t
+ - J - T  T -  ^«  V n I ,  +• t o  ^  »  A tD
_  v , p .  4 r  ^  w v ^ L  -m o
d t  "
<Bl s o
w here ^  -  “  e . B / v v \ C
We now w r i t e  t h e  d r i f t  e q u a t io n s  (B35) f o r  p a r t i c l e  m o tio n  i n  
an  e le c t r o m a g n e t ic  f i e l d  E an d  B assu m in g  f  = 0 . We g e t
(B35)
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J e 6 3
d £  _  e ? .  4 r  +  H  (B36)
d t  ~  a t  <*-6 "**
< R l
d t  =  °
The f i r s t  te rm  i n  r  e q u a t io n  i s  t h e  m o tio n  o f  g u id in g  c e n te r
-+ -*
p a r a l l e l  t o  B f i e l d ,  t h e  sec o n d  te rm  i s  t h e  E x  B d r i f t ,  t h e  t h i r d  te rm  
i s  t h e  c u r v a tu r e  d r i f t  and  t h e  f o u r th  te rm  i s  th e  g ra d  B d r i f t .  The l a s t  
t h r e e  d r i f t s  a r e  a i l  p e r p e n d ic u l a r  t o  B f i e l d .  When c u r l  B = 0 ,  we g e t
< ! ?  «. B  ^  C _  W v c U e i f f  ® j f )  R v n o
-IT * '8l l ~ n  +  +     —  d X V B  (B3T)
d t  b  e *  S e  B 3
I f  t h e  f i e l d  i s  in d e p e n d e n t  o f  t im e ,  b o th  an d  £_ + e 3^  
a r e  c o n s t a n t .  I f  t h i s  i s  t h e  c a s e ,  we can  w r i t e
V n \ 3 - ^  -v- e .  ^  o  -  c - a w s t
( jD W S 't
(B38)
Then \ /
=  0 3 *  ~  4
A lso
(B39)
c u d M . l / B )  -  ^  ( l O  +  | -
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C om puting \7 (inXJ’jj ) an d  w i th  t h e  h e lp  o f e q s .  (B 3 8 ) and  (B 39)» e q . (B36) 
can  b e  w r i t t e n  a s
4 r =  b  • c u * 2  0 * ^ 1 1
J i t  \  n e &  3  e (BltO)
A  ^  —> —>
w here b  = B /B . I f  B * c u r l  B = 0 ,  t h e  sec o n d  te rm  o f  r i g h t  h an d  s id e  o f  
e q . (.BUo ) v a n i s h e s .  T hen , w ith  B = c u r l  A , e q . (B^O) becom es
Y  =  C ?  “*■ B  3  (b Ui )
6 » e &
M otion  o f  c h a rg e d  p a r t i c l e  i n  a x i a l l y  sy m m etrix  m a g n e tic  f i e l d  
I n  t h i s  c a s e ,
g r  =  / ? > B
^  = r  ^ V ^  (Bl+2)
+  S  W ' C 2 ) +
w here b ( z )  i s  th e  f i e l d  a t  th e  a x i s  o f  sym m etry z .  L im it in g  o u r s e lv e s  
t o  q u a d r a t i c  te rm s  i n  r ,  t h e  d e v ia t i o n  from  t h e  z a x i s ,  we can  w r i t e
O
t h e  d r i f t  e q s .  (B37) i n  t h e  form
* h  k 1 •
Tr -  —  -  >
'  “  a  b  CBU3)
3 )  _  A ' S 4 - T . l o  /  L L "  3 b ' A \
"  ■ * «  ~ ~ u —  ^  ^  ~
8U
The se c o n d  o f  th e s e  e q u a tio n s  i s  i n t e g r a t e d  d i r e c t l y  an d  y i e l d s
c o y \ s * t
T h is  shows t h a t  t h e  p a r t i c l e  moves a lo n g  a  s u r f a c e  o f  r o t a t i o n  fo rm ed  by 
th e  l i n e s  o f  f o r c e .
D i f f e r e n t i a t i o n  o f  t h e  f i r s t  e q u a tio n  w ith  r e s p e c t  t o  t  y i e l d s
5 b  b ' C 2 . }  =  o  (bUU)
A
I t  fo l lo w s  t h a t  t h e  p a r t i c l e  can  e x e c u te  o s c i l l a t o r y  m o tio n  a lo n g  z a b o u t
t h e  minimum o f  b ( z ) .  T hese  p a r t i c l e s  a r e  c a l l e d  t r a p p e d  p a r t i c l e s .
B e s id e s  t h e s e  t r a p p e d  p a r t i c l e s  t h e r e  a r e  a l s o  t r a n s m i t t e d  p a r t i c l e s  w h ich
a r e  n o t  r e f l e c t e d  from  t h e  f i e l d  maxima b u t  c o n t in u e  t o  move i n  one d i r e e -
3
t i o n  a lo n g  B. A x ia l  dependence o f  bumpy m a g n e tic  f i e l d  i s  g iv e n  b y
b ( _ ^ ~  K  c  I -  c o s  oL  "2. )
o-n-Zl (Bl*5)
oC  =  z ^ l L
w here L i s  p e r io d  an d  © C «  i .
2.
In v o k in g  c o n s e r v a t io n  o f  = "^-L /b  a t  t h e  p o in t  w here
we f i n d
 ^ v  — l - Ac o i  *  =
\ +  o .
o r  Or w here i s  t h e  a n g le  b e tw een  t h e  n o rm al t o  B an d  "O’ .
A z im u th a l D r i f t
We d e n o te  t h e  a x im u th a l d r i f t  a n g le  t r a v e r s e d  i n  one  p e r io d  by  
A  Then s u b s t i t u t i n g  e q . (BU5) i n  e q . (BU3) an d  i n  e q .  (BU6 )
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(BU6)
we  g e t  t h e  f o l lo w in g  r e s u l t s :
1 .  F o r t r a p p e d  p a r t i c l e s ,  t o  th e  f i r s t  a p p ro x im a tio n  i n  a
l o  ZA <PT  =  -  a *  rL ( s o . ) 1'  J "  E  ( . k )  ~  #  K  ( (BUT)
w here
VL = V n c \ 3 / e bc
2 2a n d  E (k) an d  K (k) a r e  e l l i p t i c  i n t e g r a l s  w i th  argum en t k  = ( l - a ) / 2 a c o t  .
The q u a n t i t y  i s  t h e  a z im u th a l  d is p la c e m e n t p e r  p e r io d  in  t h e  m o tio n
o f  t r a p p e d  p a r t i c l e  ( t o  and  from  a lo n g  l i n e  o f  f o r c e ) .  T h is  q u a n t i t y  
v a n is h e s  when k^ = 0 . 8 3 , i . e . ,  when ^  0 . 9 ( 2 a ) ^ ^ .
2 . F o r t r a n s m i t t e d  p a r t i c l e s ,  we ta k e  a c c o u n t o f  te rm s  o f
2
o r d e r  a  . Then we c a l c u l a t e  t h e  i n t e g r a l  i n  e q . (bU6 ) .  The r e s u l t i n g
e x p r e s s io n  f o r  ^  i s  a  c o m p lic a te d  e x p r e s s io n  i n  e l l i p t i c  i n t e g r a l s
2 .  2 
w i th  a rg u m en t k  = 2 a c o t  o / ( l - a ) . E x p an d in g  E an d  K i n  pow ers o f  k  ,
we h av e
l - S
2  S i n *  3
T h is  e x p r e s s io n  v a n is h e s  when s i n  I f  = s i n  7S Q = l / ^ l P o r  'V g —  3 5 ° .
Thus we h av e  t h e  f o l lo w in g  r e s u l t s :
The p a r t i c l e s  w h ic h  j u s t  s to p  a t  t h e  f i e l d  maximum hav e
T rap p ed  p a r t i c l e s  w i th  Tf— 0 .9  ( 2 a ) ^ ^  w i l l  h av e  z e ro  
a z im u th a l  d r i f t ,  an d  t r a n s m i t t e d  p a r t i c l e s  w ith  7fC^35° w i l l  a l s o  hav e  
z e ro  a z im u th a l  d r i f t .
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L o n g i tu d in a l  A d ia b a t ic  I n v a r i a n t
Assume t h a t  th e  m o tio n  o f  t h e  g u id in g  c e n te r  i s  p e r io d i c  when 
d r i f t  i s  n e g l e c t e d ,  a n d  t h a t  t h e  d is p la c e m e n t  p e r  p e r io d  (d u e  t o  d r i f t )  
i s  s m a ll  com pared  w i th  t h e  c h a r a c t e r i s t i c  d im e n s io n s  o f  t h e  m a g n e tic  
f i e l d ;  u n d e r  t h e s e  c o n d i t i o n s ,  t h e  d r i f t  e q u a t io n s  a l lo w  an  a d d i t i o n a l  
i n v a r i a n t  -  t h e  so  c a l l e d  l o n g i t u d i n a l  a d i a b a t i c  i n v a r i a n t  o f  t h e  d r i f t  
e q u a t io n s .  An exam ple o f  t h i s  m o tio n  o c c u rs  i n  t h e  bumpy t o r u s .
L e t u s  now in t r o d u c e  a  c u r v i l i n e a r  sy s te m  o f  c o o r d in a te s  ^  
^ 2 * ^ 3  ^e ^ n e -^ -^n  su c h  a  way t h a t  t h e  c o o r d in a te  l i n e s  o f  c o in -
c id e  w ith  th e  l i n e s  o f  f o r c e  o f  B. The c o n t r a v a r i a n t  com ponents o f  t h e  
u n i t  v e c to r s  b = B/B a r e  b ^  = l / (  g ^)"*”^ 2 j b 1 = b ^  = 0 .
L im it in g  o u r s e lv e s  t o  t h e  c a s e  o f  weak e l e c t r i c  f i e l d ,  we can  
w r i t e  e q . (B^O) i n  t h i s  c u r v i l i n e a r  c o o r d in a te  sy s te m
4 1  _ c  V9ll
d t e S ^
CV3 «
a t =
w » -
d t  =
+  1
cvy" 5,,b^ i
~  0 » u M -  C V v ' O . i b s ) }
^3  ' (Bk9)
5  *  . S ?  l 3
e B  ^’te. L * i ^
I n t e g r a t i n g  th e  f i r s t  tw o e q u a t io n s  w i th  r e s p e c t  t o  t ,  an d  
m aking  th e  s u b s t i t u t i o n  \ J j j d t — d t a k i n g  a c c o u n t o f  t h e
f a c t  t h a t  d iv  B = 0 ,  we h av e
(B51)
We now assum e t h a t  t h e  m o tio n  o f  g u id in g  c e n te r  i s  p e r io d i c  
when t h e  d r i f t  i s  n e g le c te d  ( a lo n g  t h e  l i n e  o f  f o r c e  o f  B ) . T ak in g  th e  
i n t e g r a l  i n  e q s .  (B50) o v e r  a  p e r io d  L , we have
65> - w C
—>
w here d s  i s  an  e le m e n t o f  l e n g th  a lo n g  t h e  l i n e  o f  f o r c e  o f  B.
When t h e  u n p e r tu r b e d  m o tio n  i s  o s c i l l a t o r y  o r  t a k e s  p l a c e  a lo n g  
c lo s e d  l i n e s  o f  f o r c e ,  e q . (B51) g iv e s
t l .  =  * £ •  t & s .
eg ^
\l  «-v*T” (B52)
b f ,  =  _  t e ! ^  ( S u N f e  2 5 i ! .
T h ese  a r e  f i n i t e  d i f f e r e n c e  e q u a t io n s .  I f  an<l  2 a r e  s m a l l
com pared t o  L , th e n  t o  sec o n d  o r d e r  i n  t h e s e  q u a n t i t i e s  th e s e  d i f f e r e n c e  
e q u a t io n s  can  b e  r e p la c e d  b y  d i f f e r e n t i a l  e q u a tio n s
88
\
d S i .  W i C. r  c U ^ O f e -  8 ^ 1  (B 53)
d ^  =  ~  7 i  ■>?■
We now m u l t ip ly  t h e  f i r s t  e q . b y  n ,  an d  se c o n d  b y  ^  n »
a d d in g  th e  r e s u l t i n g  e q s .  a n d  i n t e g r a t i n g ,  we o b ta in
(B5U)
R eso n an t an d  N o n re so n an t P a r t i c l e s
H ere  we w i l l  c o n s id e r  t h e  m o tio n  o f  a  p a r t i c l e  in  a  w eak ly  
bumpy f i e l d  ( b /b Q <£<. l )  b e n t  i n t o  a  t o r u s  o f  l a r g e  r a d i u s .  We t a k e  a  
v e r t i c a l  c r o s s  s e c t i o n  o f  t h e  bumpy t o r u s .  The i n t e r s e c t i o n  o f  t h i s  
p la n e  w ith  th e  r i n g  a x i s  d e te rm in e s  t h e  o r i g i n  o f  o u r  c o o r d in a t e s .  % and  
§  a r e  p o l a r  c o o r d in a te s  i n  t h i s  v e r t i c a l  p la n e .  Then e q .  (B53) becom es 
^  q  _  W vC 7>3*n
^  (B55)
_    v w  c  ~b 3 * n
e .& S
I f  t h e  o r i g i n a l  s t r a i g h t  f i e l d  i s  a x i a l l y  sy m m e tr ic , th e  l o n g i ­
t u d i n a l  i n v a r i a n t  J  d ep en d s o n ly  upon £  and  J. . H ow ever, i f  t h e  
f i e l d  i s  b e n t  i n t o  a  t o r u s  o f  l a r g e  r a d i u s ,  th e n
(B56)
w here x  = r  -  R, R i s  m a jo r  r a d iu s  an d  r  i s  d is p la c e m e n t from  o r i g i n  
a lo n g  R. "& Jji /  , w here ^  = x /R ,  can  b e  expanded  i n  pow ers o f  ^  .
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To f i r s t  te rm  o f  t h e  e x p a n s io n ,  we h av e
t  ° j  T i V  ^  T . r  T i ' i .  (B57)
H ow ever, h e r e  ° i s  d e te rm in e d  o n ly  b y  th e  s t r a i g h t  f i e l d  (R -»«6 ) and
th e  e q u a t io n  ° (  £  , 0 , ) = c o n s t ,  i s  an  e q u a t io n  f o r  a  f a m ily  o f
c o n c e n t r i c  c i r c l e s .
We w i l l  i n v e s t i g a t e  l a r g e  an d  s m a ll  v a lu e s  o f  ?  s e p a r a t e l y  i n  
e q . (B 5 7 ). In  t h e  r e g io n  £  = 0 ,  ) i s  ex p an d ed  i n  ev en  pow ers o f  §
( s i n c e  \ B | an d  B a r e  q u a d r a t i c  i n  f  ) an d  we g e t  from  e q .  (B57)
2 . \ v  ’d T n
t 5  « - & ' * * ■ ■ ■ '  m -  <B58>
2
I f  'b <J|| 4  0» n e g l e c t in g  h ig h e r  te rm s  i n  e x p a n s io n  we f i n d
o 2 .  % *2>3h i
^ 1  §  +  £  - * 5  =  <B59>
w hich  d e f in e s  a  c i r c l e  w hose c e n t e r  i s  d i s p l a c e d  from  ^  = 0 by  an  am ount
_  _  1  f o f r i  / p S s )
/ l % 2 )
(b 6 o)
P a r t i c l e s  o b e y in g  e q . ( b 60) a r e  c a l l e d  n o n re s o n a n t  p a r t i c l e s .  The c a s e
= 0 , w h ich  c o r re s p o n d s  t o  z e ro  a x im u th a l  d r i f t ,  w i l l  b e  c a l l e d  
re s o n a n c e  c a s e .  I n  t h e  re s o n a n c e  c a s e ,  e q . (B58) can  b e  w r i t t e n  i n  t h e  
form  .
( l )  ^  ^  < ^ >
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.  j ,  „
**- h i ^
The q u a n t i t y  * \, i s  a  c h a r a c t e r i s t i c  d im en s io n  t h a t  d e s c r ib e s  t h e  d i s p l a c e ­
m ent o f  t h e  t r a j e c t o r y .
We now c o n s id e r  t h e  t r a j e c t o r y  when £  i s  much l a r g e r  th a n  &  
i n  t h e  n o n re so n a n c e  c a s e ,  o r  much g r e a t e r  th a n  \  i n  t h e  re s o n a n c e  c a s e .  
U nder t h e s e  c o n d i t i o n s ,  t h e  e q u a t io n  J | j  = c o n s t ,  can  b e  ex p an d ed  b y  
p e r t u r b a t i o n  m ethods i f  we r e p la c e  £  b y  ?  + S f  and  ex p an d  i n  pow ers
o f  . Thus
** W K ')\ .... + ^
■bS U S *  K  ^
_ Xo ?)T„C?0
H ere x Q an d  $  ^ a r e  t h e  c o o r d in a te s  o f  t h e  l i n e  o f  f o r c e  on w h ich  t h e  
p a r t i c l e  i s  l o c a t e d  a t  i n i t i a l  t im e .  I f  1  J |,  ( ^ q )/7>§ 4  0 ,  t h e  d i s ­
p la c e m e n t o f  p a r t i c l e  due t o  b e n d in g  o f  f i e l d  i s  p r o p o r t i o n a l  t o  l / R ;  i f
2 2= 0 an d  7> J j ( ' $ 0 , t h e  d is p la c e m e n t i s  p r o p o r t i o n a l  t o
1 /E 1 / 2 .
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APPENDIX C
NEOCLASSICAL TRANSPORT THEORY
B in a ry  Coulomb C o l l i s i o n s  d e s c r ib e d  by F o k k e r-P la n c k  c o l l i s i o n  
o p e r a to r  r e p r e s e n t  an  i r r e d u c i b l e  minimum o f  d i s s i p a t i o n .  T ra n s p o r t  
c o e f f i c i e n t s  d e r iv e d  from  su ch  a  F o k k e r-P la n c k  o p e r a t o r  a r e  c a l l e d  c l a s ­
s i c a l  t r a n s p o r t  c o e f f i c i e n t s .  When e x p e r im e n ta l ly  m easu red  v a lu e  o f  
t r a n s p o r t  c o e f f i c i e n t s  s u b s t a n t i a l l y  e x c e e d  t h i s  F o k k e r-P la n c k  p r e d i c t i o n ,  
t h e  m easu red  t r a n s p o r t  c o e f f i c i e n t s  a r e  i n v a r i a b l y  dubbed  an o m alo u s.
The c l a s s i c a l  t r a n s p o r t  c o e f f i c i e n t s  f o r  p la sm a  t r a n s p o r t  p e r ­
p e n d ic u l a r  t o  u n ifo rm  m a g n e tic  f i e l d  h av e  b e e n  com puted.'* ' I t  was f i r s t  
p o in t e d  o u t  b y  G a leev  an d  S ag d eev  t h a t  f o r  s m a l l  c o l l i s i o n  f re q u e n c y
t h e s e  t r a n s p o r t  c o e f f i c i e n t s  m ig h t n o t  even  b e  a p p ro x im a te ly  a p p l i c a b le
2f o r  t r a n s p o r t  a c r o s s  a  n o n u n ifo rm  m a g n e tic  f i e l d .  T h is  i s  b e c a u s e  th e  
g u id in g  c e n te r  d r i f t s  a s s o c i a t e d  w i th  f i e l d  in h o m o g e n e it ie s  m ust b e  ta k e n  
i n t o  a c c o u n t a t  t h e  m ic ro s c o p ic  l e v e l  o f  F o k k e r-P la n c k  e q u a t io n .  T ra n s ­
p o r t  c o e f f i c i e n t  com puted  from  t h e  F o k k e r-P la n c k  c o l l i s i o n  o p e r a t o r  w i th
p r o p e r  r e g a r d  t o  g u id in g  c e n te r  d r i f t s  a r e  c a l l e d  n e o c l a s s i c a l  t r a n s p o r t  
3c o e f f i c i e n t s .  H ere  we w i l l  d i s c u s s  n e o c l a s s i c a l  t r a n s p o r t  from  th e  
p o in t  o f  v iew  o f  t h e  moment e q u a t io n s .
Moment E q u a tio n s
L e t f(*x, "v, t )  b e  t h e  d i s t r i b u t i o n  f u n c t io n  f o r  t h e  p a r t i c l e s  
o f  m ass m an d  c h a rg e  e .  Then t h e  B o ltzm ann  e q u a t io n  i s
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? £  +  \ ? .  v f  + *  i  -  c c ^  (CD
T)"t
w here c ( f )  i s  t h e  c o l l i s i o n  o p e r a to r .
The f i r s t  moment o f  e q .  (C l)  i s
+  V .  i p _  e * ( l  + i V x B ) =  f  (C2)
w here  n  i s  t h e  d e n s i t y ,  V i s  t h e  mean v e l o c i t y ,  IP i s  t h e  s t r e s s  t e n s o r  
and  F i s  f r i c t i o n a l  f o r c e ;  d e f in e d  a s
T P  -  ^  Vv\ ^
p -  w \  \? CO?)
(C3)
S o lv in g  t h i s  f i r s t  moment e q u a t io n  f o r  mean v e l o c i t y  p e rp e n -  
d i c u l a r  t o  B , we g e t
( C k )
w here  A L  =  eB/mc i s  g y ro f re q u e n c y  and  n  = B/B i s  th e  u n i t  v e c to r  a lo n g  B.
E q u a tio n  (.CU) i s  e x a c t .  I t  i s  u s e f u l  when g y ro r a d iu s  i s  s m a l l ,
i . e .
' h .  «  I
i  s l
w h ere  V)\p i s  th e rm a l  v e l o c i t y ,  ^  i s  g y ro r a d iu s  an d  i s  a  t y p i c a l  s c a le  
l e n g th  i n  t h e  p ro b le m .
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T ra n s p o r t  O rd e r in g
—*
Assume t h a t  t h e  p a r t i c l e s  m a in ly  f r e e  s t re a m  a lo n g  B and  tem ­
p o r a l  ch an g es  i n  m ac ro sco p ic  q u a n t i t i e s  o c c u r  m a in ly  th ro u g h  p e r p e n d i­
c u l a r  c o l l i s i o n a l  t r a n s p o r t  su ch  t h a t
r -  U  « * / & *
(C5)
w here V  i s  a  c o l l i s i o n  f re q u e n c y  a s s o c i a t e d  w ith  t h e  c o l l i s i o n  o p e r a to r  C. 
T h is  o r d e r in g  i s  c a l l e d  t h e  t r a n s p o r t  o r d e r in g  and  i t  l e a v e s  o u t  o f  con­
s i d e r a t i o n  th o s e  p r o c e s s e s  w h ich  o c c u r  on t im e s c a l e s  f a s t e r  th a n  e q . ( C5) .  
The r i g h t  h an d  s i d e  o f  e q . (CU) c o n ta in s  an  o v e r a l l  f a c t o r  o f  $ /j£ "be­
c a u se  o f  t h e  sc1 f a c t o r .  T h e re fo r e  t o  com pute p e r p e n d ic u l a r  f l u x  to  
s e c o n d  o r d e r  i n  , we n e e d  t o  com pute t h e  q u a n t i t y  i n  t h e  s q u a re
"b rack e t o f  e q . (C^i) o n ly  t o  f i r s t  o r d e r  i n  . F u r t h e r ,  s in c e  we
h av e  assum ed  t r a n s p o r t  o r d e r i n g ,  we can  s e t  = e - (  J 3 / 0  3 ) .
Thus e q . (CA) becom es
y \ V 1 = ( m n . y 1 ^  x [ v * T P  -  F  -  e r \ t "]  +  (c6)
We m ust a l s o  s p e c i f y  th e  m ag n itu d e  o f  t h e  c o l l i s i o n  fre q u e n c y
V  . We w i l l  r e s t r i c t  o u r  a t t e n t i o n  t o  t h e  c a s e
V «  SI (CT)
H ow ever, we s t i l l  h av e  tw o r e g io n s  t o  d i s t i n g u i s h ,  d ep e n d in g  
upon th e  r e l a t i v e  s i z e  o f  th e  c o l l i s i o n  f re q u e n c y  t o  t h e  t r a n s i t  f r e ­
q u en cy  U)T 5
9b
C o l l i s i o n a l  Regime
The c o l l i s i o n a l  reg im e  i s  d e f in e d  b y
V ■» <oT
In  t h i s  re g im e , c o l l i s i o n s  a r e  so  f r e q u e n t  t h a t  t h e  s t r e s s  
t e n s o r  re d u c e s  t o  a  s c a l a r  p r e s s u r e
I P -  H l > ( 08 )
W ith  t h i s ,  t h e  e x p r e s s io n  f o r  becom es
v \ V ^ -  ( v w J i r ’ —
(C9)
w here  we h av e  n e g le c t e d  te rm s  o f  o r d e r  /  H ^ an d  h i g h e r .  Vc i s  g iv e n  
by
Y\Mc -  — (w\SV) n x F (CIO)
The f i r s t  tw o te rm s  i n  (C9) a r e  t h e  d ia m a g n e tic  an d  th e  E x  B d r i f t s .
The t h i r d  te rm  r e p r e s e n t s  c l a s s i c a l  t r a n s p o r t .  S in c e  i ) « n . ,  c o l l i s i o n s
a r e  n o t  s u f f i c i e n t  t o  ran d o m ise  t h e  g y ro m o tio n  o f  t h e  p a r t i c l e s .  T h is
—)
g iv e s  r i s e  t o  a  f r i c t i o n a l  f o r c e  F. From e q . ( C9 ) ,  one can  s e e  t h a t  
c l a s s i c a l  t r a n s p o r t  t a k e s  p la c e  ev en  i n  t h e  a b s e n c e  o f  p e r p e n d ic u la r  
g u id in g  c e n te r  m o tio n , i . e . ,  ev en  i n  u n ifo rm  m a g n e tic  f i e l d .  Thus c l a s ­
s i c a l  t r a n s p o r t  i s  u l t i m a t e l y  d e te rm in e d  b y  g y ro m o tio n .
C o l l i s i o n l e s s  Regime
The c o l l i s i o n l e s s  re g im e  i s  d e f in e d  by
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V COt ( c i i )
In  t h i s  c a s e ,  c o l l i s i o n s  do n o t  p la c e  any  r e s t r a i n t  on t h e  s t r e s s  t e n s o r ,  
h u t  g y r o o s c i l l a t i o n s  f o r c e  t h e  s t r e s s  t e n s o r  t o  have  a  d ia g o n a l  fo rm , i . e .
' jp =  fi f t l fn  *  ( n - f l v O T P j .  +  / j i2- )  (C12)
T h is  r e f l e c t s  t h e  tw o d im e n s io n a l  sm o o th in g  due t o  d y ro m o tio n , 
w h i le  t h e  r e l a t i o n  p  r e f l e c t s  t h e  t h r e e  d im e n s io n a l  ra n d o m iz a tio n
e f f e c t e d  b y  c o l l i s i o n s .
I n  t h e  c o l l i s i o n l e s s  c a s e ,  t h e  e x p r e s s io n  f o r  n V ^  i s  t h e  same 
a s  i n  t h e  c o l l i s i o n a l  c a s e  b u t  w i th  an  e x t r a  te rm
( w v n . y ’ w *  v  [ K  «  ( f ; , -  r  T t w )
We i d e n t i f y  t h i s  te rm  w i th  n e o c l a s s i c a l  t r a n s p o r t .  Thus n eo ­
c l a s s i c a l  t r a n s p o r t  dep en d s upon a n i s o t r o p y  o f  s t r e s s  t e n s o r .  I n  c o l ­
l i s i o n l e s s  re g im e , t h e  r i g h t  s i d e  o f  e q . (C13) can  b e  s u b s t a n t i a l  b e ­
c a u se  c o l l i s i o n s  a r e  to o  in f r e q u e n t  t o  ran d o m ize  t h e  g u id in g  c e n te r  m o tio n  
o f  p a r t i c l e s .
A x isy m m etric  S y stem s and  F lu x  S u r f a c e  A v e rag es
The e q u i l ib r iu m  e q u a t io n s  f o r  a s ix y m m e tr ic  sy s te m s  a r e
T x 8  =  c  
t = S. v * B
^  4 Tt
as
I f  d e n o te s  t h e  a n g le  a b o u t sym m etry a x i s ,  B can  b e  e x p r e s s e d  
3
B= IC Y ) v<P r  v<f x v t (C llO
w here  ^ l a b e l s  t h e  f l u x  s u r f a c e s  and  i s  r e l a t e d  t o  t h e  v e c to r  p o t e n t i a l
->
A by
4r- -  IU f
(C15)
R i s  t h e  d i s t a n c e  from  sym m etry a x i s .  The f i r s t  te rm  i n  e q . (C lU ) i s
th e  t o r o i d a l  B f i e l d  a n d  t h e  sec o n d  te rm  i s  t h e  p o l o i d a l  B f i e l d ,  i . e .
—»  —*
B  — B B p
F o r a  to k am ak , t h e  p o lo i d a l  b e t a ,  |3  p ( d e f in e d  a s  t h e  r a t i o  o f
2 /Ds c a l a r  p r e s s u r e  t o  B^ ) ;  i s  o f  o r d e r  u n i t y  w h ile  t h e  t o t a l  b e t a ,  p  ( d e -
2
f i n e d  a s  r a t i o  o f  s c a l a r  p r e s s u r e  t o  B ) ,  i s  much l e s s  t h a n  u n i t y .  T h is
m eans t h a t
I B  p  I «  I B t  I ( c i 6 )
We w i l l  s p e c i f y  f i e l d  g eo m etry  by  e q . (C llO . We ch o o se  c o o r­
d in a t e s  su ch  t h a t  i s  t o r o i d a l  a n g l e ,  i s  th e  d i s t a n c e  from  m a g n e tic  
a x i s  a n d  7 ^  i s  t h e  p o l o i d a l  a n g le .  I n  t h i s  c o o r d in a te  sy s te m  t h e  volum e 
e le m e n t i s  g iv e n  by  . *
V 7 -  •  B
F lu x  s u r f a c e  a v e ra g e  o f  a  q u a n t i t y  i s  d e f in e d  a s  t h e  n o rm a liz e d  
volum e i n t e g r a l  o f  t h a t  q u a n t i t y  o v e r  an  i n f i n i t e s i m a l  volum e b e tw e en  two
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n e ig h b o r in g  f l u x  s u r f a c e s .  F lu x  s u r f a c e  a v e ra g e  o f  a  q u a n t i t y ,  s a y  K, 
i s  d e n o te d  b y ^ K ^ .  I t  can  b e  shown t h a t
< K > =  K / V '
w here
V '  = a n  £ d r
e
The c r u c i a l  p r o p e r ty  o f  f l u x  s u r f a c e  a v e ra g e  i s
7 ,  %  v ' <  * ? > (C17)
W ith  t h i s  d i s c u s s io n  i n  m in d , we now r e t u r n  t o  t h e  f i r s t  moment
e q u a t io n .  M u l t ip ly  eq . (C2) b y  c / e  V  and  p e r fo rm  f l u x  s u r f a c e  a v e r -  
—)  —^
a g in g .  The V x  B te rm  th e n  becom es
< R 2  v < f
T h is  i s  t h e  f l u x  p e r p e n d ic u l a r  t o  s u r f a c e  . The V-TP te rm  becom es
V . 1 P >  =  %  “ i  2 .  V \ R 1 7 f . ‘? . v ^ ( Eie )
Wow th e  r i g h t  h an d  s i d e  o f  e q . (C l8 ) in v o lv e s  an  o f f  d ia g o n a l  e lem e n t 
f o r  t h e  s t r e s s  t e n s o r .  C om parison  w i th  e q .  (C12) shows t h a t  t h e  s t r e s s  
t e n s o r  c o n t r i b u t e s  o n ly  i n  t h i r d  o r d e r  i n  t o  t h e  p e r p e n d ic u la r
v e l o c i t y .  Thus we h av e
< r \ V .  vMf > *  -  %  <R(F<p + e n £ f »  +  Of  8* /i0
(C19)
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D is c u s s io n  o f  E q u a tio n  C19
E q u a tio n  (C19) h a s  b een  d e r iv e d  i n  t h e  c o l l i s i o n l e s s  reg im e  
assu m in g  s m a l l  g y ro r a d iu s  and  ax isy m m etry  o f  s y s te m . The e q u a t io n  shows 
t h a t  t o  se c o n d  o r d e r ,  t h e  t r a n s p o r t  d o es n o t  in v o lv e  t h e  v i s c o s i t y .  I t  
a l s o  g u a r a n te e s  a m b ip o la r  d i f f u s i o n .  To s e e  t h i s ,  n o te  t h a t  t h e  c o l l i ­
s io n s  c o n s e rv e  momentum
Q u a s i n e u t r a l i t y  demands t h a t
The r i g h t  h an d  s i d e  o f  e q . (C19) c o n ta in s  b o th  c l a s s i c a l  and 
n e o c l a s s i c a l  d i f f u s i o n .  To d i s t i n g u i s h  th e m , we w r i t e
“2 : \ * [  U c  =  l e i
Then e q . (C19) g iv e s
( C20)
(C21)
R e c a l l  e q .  (CIO) f o r  t h e  c o l l i s i o n a l  l i m i t
(CIO)
C om parison  o f  t h e s e  l a s t  tw o  e x p r e s s io n s  show t h a t  g iv e s
r i s e  t o  c l a s s i c a l  d i f f u s i o n ,  w h i le  g iv e s  r i s e  t o  n e o c l a s s i c a l  d i f ­
f u s io n .
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To s e e  how th e  a n i s o t r o p y  o f  th e  s t r e s s  t e n s o r  i s  c o n ta in e d  i n  
e q . (C 19)» we t a k e  t h e  p a r a l l e l  com ponent o f  t h e  f i r s t  moment e q u a t io n .  
We g e t
f t .  V . f  £  F | ,  +  e n E „  ^
C om paring t h i s  w i th  e q . (C 2 1 ) , we s e e  t h a t  F. i s  t h e  f i r s t  te rm  o f
|» 4n
e q . ( C 2 1 ), c o r re s p o n d in g  t o  n e o c l a s s i c a l  t r a n s p o r t .  In  i d e a l  MHD,"”^ - T L  |>
an d  e q . (C22) becom es
f t .  9|5 =  o = F„ -*•
T h is  m eans t h a t  i n  i d e a l  MHD, p a r a l l e l  f r i c t i o n a l  f o r c e  and  
e l e c t r i c  f o r c e  p r e c i s e l y  c a n c e l .  Thus t h e  n o n - id e a l  MHD e f f e c t s  a s s o ­
c i a t e d  w i th  n e o c l a s s i c a l  t r a n s p o r t  a r i s e  from  th e  a n i s o t r o p y  o f  s t r e s s  
t e n s o r ,  i . e . ,  n e i t h e r  s id e  o f  e q . (C22) i s  z e ro .
N e o c la s s ic a l  t r a n s p o r t  i s  r e l a t e d  t o  t h e  g u id in g  c e n te r  m o tio n
p r e c i s e l y  i n  t h e  same way as  c l a s s i c a l  t r a n s p o r t  i s  a s s o c i a t e d  w i th  g y ro -
3
m o tio n . T h is  i s  t r u e  f o r  a sy m m etric  sy s te m s  a l s o .  N e o c la s s i c a l  t r a n s ­
p o r t  o c c u rs  when c o l l i s i o n a  a r e  to o  in f r e q u e n t  t o  ran d o m ize  t h e  g u id in g  
c e n te r  m o tio n .
C o n s e rv a tio n  Laws
E n erg y  f l u x  i s  d e f in e d  a s
100
J u s t  a s  we o b ta in e d  e q . (C19) f o r  p a r t i c l e  f l u x ,  we can  g e t  
t h e  e n e rg y  f l u x  e q u a t io n
=  - ~ < R ( vwS 4) +  f  [>€ (C23)
w here
S -  Z i ' )  ^ tC2k)
As b e f o r e ,  t h e  te rm  c o r re s p o n d s  t o  n e o c l a s s i c a l  e n e rg y
f l u x  w h ile  t h e  "0 ^ ^  te rm  c o r re s p o n d s  t o  c l a s s i c a l  f l u x .
Z e ro e th  an d  se c o n d  moment o f  B o ltzm an n  e q u a t io n  g iv e  p a r t i c l e  
an d  e n e rg y  c o n s e r v a t io n  la w s .
/  ^  -v t v \ v y >  — o
^  D t  '  (C25)
( I . 2  |p - r  Vo 1 \  =  S  <  T .  E >
a t  ^  ^  (C26)
i <  Q.*i •* Vc*( Pc t  ecvK&)>
w h ere  a  = i , e ;  £  i s  K ro n e c k e r  d e l t a ,  t h e  u p p e r  s ig n  i s  f o r  i o n s ,3>6
lo w e r  s ig n  i s  f o r  e l e c t r o n s  an d  i s  "the c o l l i s i o n a l  e n e rg y  exchange
b e tw een  p a r t i c l e s .
F u r t h e r ,  n o te  t h a t  i n  e q . (C25)
a n d  i n  e q .  (C26)
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< v ’ * >  = V'  i f  *
The r i g h t  h an d  s id e s  o f  th e s e  e q u a t io n s  a r e  g iv e n  by  e q s .  (C19) 
an d  (C23) r e s p e c t i v e l y .
Summary
The p ro g ram  o f  n e o c l a s s i c a l  t r a n s p o r t  can  b e  sum m arized  as 
f o l lo w s :  u se  odd moments o f  t h e  B o ltzm ann  e q u a t io n  t o  o b t a in  e x p r e s s io n s
f o r  e n e rg y  an d  p a r t i c l e  f lu x e s  i n  te rm s  o f  moments o f  c o l l i s i o n  o p e r a t o r .  
Use ev en  moments o f  B o ltzm ann  e q u a t io n  t o  d e te rm in e  t im e  e v o lu t io n  o f  n 
a n d  p . M agne tic  f i e l d  can  b e  ad v an ced  i n  t im e  u s in g  a p p r o p r i a t e  M ax w e ll'sSL
e q u a t io n .  Thus we h av e  a  c lo s e d  s e t  o f  e q u a t io n s .
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v a r i a b l e  an d  c o n t r o l  ax e s  a s  t h e  p a r a m e te r  R a p p ro a c h e s  t h e  v a lu e  
- 1 / 3  f o r  p o in t  m odel w ith  e l e c t r o n s  w i th  ICRH a t  f i x e d  n^ = 0 .0 1  
an d  Cp = - 0 . 6 .
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m odel w i th  io n s  w i th o u t  ICRH.
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102
103
1 1 . S a l i e n t  f e a t u r e s  o f  e q u i l i b r i a  o f  p o in t  m odel w i th  io n s  w i th  ICRH 
when e q u i l i b r i a  have  m u l t i p l e  f o l d s .
1 2 . C hanges i n  t h e  v a lu e s  o f  s t a t e  v a r i a b l e s  an d  c o n t r o l  p a r a m e te r s  a t  
t r a n s i t i o n  p o i n t s  a s  one o f  t h e  c o n t r o l  p a r a m e te r  i s  v a r i e d  h o ld in g  
th e  o th e r  f i x e d  f o r  p o in t  m odel w ith  io n s  w i th  ICRH when e q u i l i b r i a  
h av e  one f o l d .
1 3 . D is c o n tin u o u s  jum ps i n  s t a t e  v a r i a b l e s  d u r in g  t r a n s i t i o n s  f o r  p o in t  
m odel w ith  io n s  w ith  ICRH.
1 4 . P r o j e c t i o n s  o f  e x t r e m i t i e s  o f  e q u i l ib r iu m  t r a j e c t o r i e s  on s t a t e
v a r i a b l e  and  c o n t r o l  p a ra m e te r  ax e s  a s  t h e  p a r a m e te r  R a p p ro a c h e s
/ O ' I .
- 1 / 3  f o r  p o in t  m odel w ith  io n s  w ith  ICRH a t  f i x e d  ®  = 0 .6  and
n Q = 0 . 0 1 .
1 5 . L o c a t io n  o f  i n i t i a l  v a lu e s  o f  s t a t e  v a r i a b l e s ,  co m p e tin g  a t t r a c t o r s  
and  w in n e r  f o r  F ig .  30 ( a )  t o  ( i ) .
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T ab le  1
M agne tic  f i e l d  (maximum)
M ir ro r  r a t i o
M ajor r a d iu s
M inor r a d iu s
A verage a s p e c t  r a t i o
Volume
5 kg (m id p la n e )  -  10 k g  ( m ir r o r )  
2 :1
150 cm 
10 cm 
1 0 :1  
= 1*00 £
H ot e l e c t r o n  a n n u lu s
3a n n u lu s
T o ro id a l  p la sm a  (T mode)
n
T.
1
max
nx
11 -32 .5  x  10 cm ^
100 -  200 keV 
10 -
TO O
1 . 1* x  10 cm 3 
150 -  600 eV 
1*0 -  150 eV
0 . 2 - 0 .6%
c  n a 1 0  "35 x  10 s e c  cm
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T ab le  2
C o n tro l  S pace S t a t e  S pace 
D im ension  D im ension
C a ta s t ro p h e _______________ C________________ S_________ P o t e n t i a l  F u n c tio n  V
COrd
•H
O
F o ld 1 1 3X  + U X
Cusp 2 1 k.  2X  +11X + U X
o S w a l lo w ta i l 3 1
5 3 2
X  + U X  + U X  +W X
B u t t e r f l y k 1 6 .. 3 2 x  + tx  + U X  + V X  +W X
CO
H y p e rb o lic 3 2 3 3 x  +y +wxy+ux+vy
o
•H
rH
•H
E l l i p t i c 3 2
3 2 2 2 x  -x y  +w(x +y ) +ux+vy
1 P a r a b o l ic k 2 k 2 2 2 y  +x y+wx + ty  +ux+vy
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^  + n o f  Power Law
*
ip -v M P + +
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Te + * * „  * 1 /3
*
T. + +l
*
n i  +
n 0 a P y
T.l
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+
t
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n 0 y
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T a b le  U
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T ab le  6
M ->- T T -»■ M
An +
AT +e
AT.
1 +
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T a b le  7
l o g  n lo g  Te lo g l o g  Py lo g  Pi
R
maximum 
& minimum
maximum 
& minimum
maximum 
& minimum
maximum 
& minimum
maximum 
& minimum
- 0 .3
1 1 .7 3
- 2 .0 6
1 6 .6 2
- 9 .0 9
1 6 .5 9
- 9 .0 9
2 6 .8 8
-1 1 .6 7
2 7 .1 8
- 1 1 . 1+0
-0 .3 3 3 3 3
9 -7 5
- 2 .0 6
1 2 .6 7
- 5 .0 9
1 2 .6 7
- 5 .0 9
2 0 .9 5
- 5 .6 9
2 1 .2 5
- 5 .3 9
-0 .3 3 3 3 3 3 3 3 3 3
7 .2 5
- 2 .0 6
7 .6 6
- 0 .5 0
7 .6 6
- 0 .5 0
13.1+3
- 1+.01
1 3 .7 3
- 3 .7 1
-0.3333333331+
7.1+0
- 2 .0 6
7 .9 7
- 0 .5 0
7 .9 8
- 0 .5 0
1 3 .9 0
- 1+.01
11+.20
- 3 .7 1
-0.33331+
9 .9 0
- 2 .0 6
1 2 .9 6
-5 .3 9
1 2 .9 6
- 5 .3 9
2 1 .3 9
- 6 . 11+
2 1 .6 9
- 5 .8 7
11.1+1 1 5 .9 7  1 5 .9 8  2 5 .9 1  2 6 .2 1
-0.31+
- 2 .0 6  - 8 .3 9  - 8 .3 9  -1 0 .6 5  -10.31+
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T ab le  9
T +  C C - * T  M -*■ T T ->■ M C -»• M
An + -  + -  -
✓
At  -  + -  + +e
AT^  -  - ( $ ' < 1 )  +
+ ($ ’ >1 )
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Table 10
P.xR jp -  x  100
u
Y .m in Ymax
0 .9 9 9 9 0 .0 0 5 0 0 .0 0 0 0 1 .0 0 0 0
0 .9 9 9 0 0 .0 5 5 0 0 .0 0 0 3 1 .0 0 0 0
0 .9 9 0 0 0 .5 0 2 5 0 .0 0 2 5 1 .0 0 0 0
0 .9 0 0 0 5 .2 6 3 2 0 .0 2 6 3 1 .0 0 0 0
0 .8 0 0 0 1 1 .1 1 1 1 0 .0 5 5 6 1 .0 0 0 0
0 .7 0 0 0 17.61+70 0 .0 8 8 2 1 .0 0 0 0
0 .6 0 0 0 2 5 .0 0 0 0 0 .1 2 5 0 1 .0 0 0 0
0 .5 0 0 0 3 3 .3 3 3 3 0 .1 6 6 7 1 .0 0 0 0
0 . 1+000 1+2.8572 0.211+3 1 .0 0 0 0
0 .3 0 0 0 53.81+62 0 .2 6 9 2 1 .0 0 0 0
0 .2 0 0 0 6 6 .6 6 6 7 0 .3 3 3 3 1 .0 0 0 0
0 .1 0 0 0 8 1 .8 1 8 2 0.1+091 1 .0 0 0 0
0 .0 1 0 0 .0 0 0 0 0 .5 0 0 0 1 .0 0 0 0
- 0 .1 0 0 0 1 2 2 .2 2 2 2 0 .6 1 1 1 1 .0 0 0 0
- 0 .2 0 0 0 15 0 .0 0 0 0 0 .7 5 0 0 1 .0 0 0 0
-0 .3 0 0 0 1 8 5 .7 1 ^ 2 0 .9 2 8 6 1 .0 0 0 0
P
R ^  x 100 
i
Y .m in Ymax
-o.i+ooo 1+2.8571 1 .0 0 0 0 1 .1 6 6 7
- 0 .5 0 0 0 3 3 .3 3 3 3 1 .0 0 0 0 1 .5 0 0 0
- 0 .6 0 0 0 2 5 .0 0 0 0 1 .0 0 0 0 2 .0 0 0 0
- 0 .7 0 0 0 17.61+70 1 .0 0 0 0 2 .8 3 3 3
- 0 .8 0 0 0 1 1 .1 1 1 1 1 .0 0 0 0 1+.5000
- 0 .9 0 0 0 5 .2 6 3 2 1 .0 0 0 0 9 .5 0 0 0
- 0 .9 9 0 0 0 .5 0 2 5 1 .0 0 0 0 99.1+995
- 0 .9 9 9 0 0 .0 5 0 0 1 .0 0 0 0 999.1+529
- 0 .9 9 9 9 0 .0 0 5 0 1 .0 0 0 0 9 9 9 7 .8 3 9 8
Table 11
R=
$•=
0 .9 9 0 .9 0 .8 < 0 .8
2 f o ld s 2 f o ld s 2 f o l d s 1 f o l d
0 .1
1+ jum ps 1+ jum ps 
(M->C p o s s i b le )
it jum ps 
(M*C p o s s i b l e )
2 jumps
2 f o ld s 1 f o l d 1 f o l d 1 f o ld
0 .6
4 jum ps 
(C-»M p o s s ib le )
2 jum ps 2 jum ps 2 jum ps
3 f o ld s 2 f o l d s 1 f o l d 1 f o l d
l . i
6 jum ps 4 jum ps 2 j  tamps 2 jumps
2 f o ld s 1 f o l d 1 f o l d 1 f o ld
1 .5
4 jum ps 2 jum ps 2 jum ps 2 jumps
e<
J>
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.'t
‘ 
Po
w
er
 
La
w
115
116
T a b le  13
An +
ATe
At .
+
+
T
ab
le
 
lU
117
Ph
bD
o
a a
•H  »H
1 1
08
P h
bDO
bDO
bO
o
rH
a a•H *H
a s
08
•H  S  6
Eh  »h  »h
bo a .so a a
rH o8
a
i
°8
a a
♦H *H
I I
e8
K
00 0 LA ON -=}• NO 0 NO On -=t
H  -=f o j on t— O OJ O NO CO• • • • • • • • • •
t -  H H  LA 00 OJ CVJ H  LA
OJ H  
1
OJ 1 rH 1 H 1 OJ 1
CO c— LA On -Cf NO O NO On js t
00 VO On NO on ON CO on ht » • • • • • • • •
NO H O  LA on OJ CO OJ H  NO
CVJ H  
1
OJ 1 rH 1 rH 1 CVJ 1
ON ON t -  On NO 0 C- 0 NO ON
LA O NO O NO LA ON LA ON CO• • • • • • • • • •
NO On OJ LA t - O t— O OJ LA
H  1 H  1 1 1 H  1
OJ ON t— ON NO O t - O NO On
NO O NO O NO LA ON LA ON CO• • • • • • • • • •
VO ON OJ LA t - O t*- O CVJ LA
H  1 1—1 1 1 1 H  1
co co LA OJ LA CVJ O CVJ O  OJ
t -  H t -  -=f OJ -=f -=f On -=f• • • • • • • • • •
rH rH ON O t— 0 t - 0 On O
H  1 1 1 1 1
on -3*
on on
on on
on on
CO onCO CO on
CO CO on on
on on on on
on on on on
on on on on on• • • • •
0
l
0
1
0
1
0
l
0
1
OJ
VO
OJ
ON
l a
OJ
co
ON
LA
rH
ON
LTN
rH
-3*
rH
rH
-3*
CO
oI
-0
.7
8 
-8
.3
9 
-8
.3
9 
-1
0.
65
 
-1
0.
3^
118
F ig u re  
30 (a )
30 (b )
30 (c )
30 (d )
30 (e )
30 ( f )
30 (g ) 
30 (h ) 
30 ( i )
Table 15
L o c a t io n  o f  I n i t i a l  S t a t e  C om peting
n (0 )  T^( 0 ) a t t r a c t o r s  W inner
C v e ry  c lo s e  v e ry  c lo s e  M and  C C
t o  f o l d  ed g e  t o  f o l d  edge
o f  T mode o f  T mode
v e ry  c l o s e  -  do -  -  do -  M an d  C M
t o  f o l d  edge 
o f  T mode
R e p e l lo r  C C M,T an d  C M
j o i n i n g  M 
an d  T modes
v e ry  c l o s e  C C M  and  C M
t o  f o l d  edge 
o f  T mode
b e tw e en  T 
mode and  
r e p e l l o r , 
c l o s e r  t o  
r e p e l l o r
M and  T M
b etw een  T 
mode an d  
r e p e l l o r ,  
c l o s e r  t o  
r e p e l l o r
M
M
M
M an d  T
T
M
T
T
T
M
M an d  T M
M and T M
M an d  T M
FIGURE CAPTIONS
S ch em a tic  r e p r e s e n t a t i o n  o f  EBT.
One m i r r o r  s e c t i o n  o f  EBT w ith  h o t  e l e c t r o n  r i n g .
M, T , and  C modes o f  o p e r a t io n  i n  EBT.
a .  M icrow ave pow er P.. v s .  am b ien t g as  p r e s s u r e  p . .  S o l i d  l i n e s
r "  (J
d i s t i n g u i s h  M, T , an d  C m odes.
b .  A verage e l e c t r o n  l i n e  d e n s i ty  n ^  v s .  f i l l i n g  p r e s s u r e  p^ f o r
d i f f e r e n t  v a lu e s  o f  m icrow ave pow er. B roken l i n e s  d i s t i n g u i s h
M, T , an d  C m odes.
c .  D e n s i ty  f l u c t u a t i o n s  and  th e  l i n e  d e n s i ty  v s .  f i l l i n g  p r e s s u r e  
Pq i n  M, T , an d  C m odes.
d . A verage e l e c t r o n  l i n e  d e n s i ty  v s .  p r e s s u r e  p^ i n  M, T , an d  C m odes.
e .  C o n stan cy  o f  e<j) /T g i n  T mode. P lo t  o f  e ^ / T g v s .  m icrow ave pow er
^  i n  q u ie s c e n t  T mode.
f .  A m b ip o lar e l e c t r o s t a t i c  p o t e n t i a l  (f) v a n is h e s  i n  C mode. P lo t  
o f  (p v s .  am b ien t p r e s s u r e  p ^ .
E q u i l ib r iu m  s u r f a c e  f o r  c a n o n ic a l  c u sp  c a ta s t r o p h e .
E xam ples o f  d e la y  an d  M axw ell c o n v e n tio n s .
F ig u re  show ing  t h a t  when a m b ip o la r  e l e c t r o s t a t i c  p o t e n t i a l  i s  n e g a ­
t i v e  ( p o s i t i v e ) ,  e l e c t r o n s  ( i o n s )  a r e  n o n re s o n a n t  ( r e s o n a n t )  and  
io n s  ( e l e c t r o n s )  a r e  r e s o n a n t  ( n o n r e s o n a n t ) .
E q u i l ib r iu m  s u r f a c e  l o g  Tg a s  a  f u n c t io n  o f  c o n t r o l s  l o g  P ^  an d  <p 
f o r  f i x e d  c o n t r o l  ng = 0 .0 1  i n  c a s e  o f  p o in t  m odel w i th  e l e c t r o n s  i n  
a b s e n c e  o f  ICRH.
r y
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8 . E q u i l ib r iu m  t r a j e c t o r i e s  f o r  s t a t e  v a r i a b l e s  ( n ,  Te , T^) a s  a  fu n c -  
t i o n  o f  Fj^  f o r  f i x e d  v a lu e  o f  <p f o r  v a r io u s  f i l l i n g  d e n s i t i e s :
a ,  n^ = 0 . 0 0 1 ; b ,  ng = 0 . 0 1 , c ,  ng = 0 . | f o r  p o in t  m odel w ith  e l e c ­
t r o n s  i n  a b se n c e  o f  ICRH.
9 . C a ta s t ro p h e s  i n  EBT i n  t h e  form  o f  M -> T  and  T -> M  t r a n s i t i o n s  f o r  
p o in t  m odel w ith  e l e c t r o n s  i n  a b s e n c e  o f  ICRH u s in g  d e la y  c o n v e n tio n ;  
( a )  l o g  n v s .  F^ , (b )  l o g  Tg v s .  F^ ,  ( c )  l o g  ^  v s .  ^  .
1 0 . E q u i l ib r iu m  t r a j e c t o r i e s  a s  a  f u n c t io n  o f  an d  P^ a t  f i x e d  n Q,
<p an d  R f o r  p o in t  m odel w i th  e l e c t r o n s  w i th  ICRH. When <  Tg ,
( a )  n ,  Tg an d  v s .  (b )  n ,  Tg , ^  v s .  P± .
1 1 . E q u i l ib r iu m  t r a j e c t o r i e s  a s  a  f u n c t io n  o f  and  P ^ ,  ( a )  n ,  Tg ,
v s .  P^_ , (b )  n ,  Tg , v s .  P ^ , n Q, (pi* and  R f ix e d  f o r  p o in t
m odel w ith  e l e c t r o n s  w i th  ICRH when T. S  T .l  '  e
1 2 . S c h e m a tic  e q u i l ib r iu m  t r a j e c t o r i e s  f o r  p o in t  m odel w i th  e l e c t r o n s
sh o w in g  t h a t  pow er la w  r e l a t i o n  b e tw e en  ng an d  P ^  ca n  b e  u s e d  a s  
th e  s i g n a t u r e  o f  t r a n s i t i o n s .
1 3 . R e v e r s a l  o f  d i r e c t i o n  o f  e q u i l i b r iu m  t r a j e c t o r y  a t  y s  = 1 o r
R = - 1 / 3  f o r  p o in t  m odel w i th  e l e c t r o n s  w i th  ICRH.
lU . E q u i l ib r iu m  t r a j e c t o r i e s  f o r  s t a t e  v a r i a b l e s  ( n ,  Te , T^) a s  f u n c t io n s
o f  c o n t r o l  p a r a m e te r  P.. f o r  p o in t  m odel w i th  io n s  w i th o u t  ICRH a t
r"
f i x e d  ng = 0 .0 1  an d  = 0 . 6 . ( a )  n  v s .  Fj^  , (b )  Tg v s .  F ,^ ,
( c )  T. v s .  P ^  .l
1 5 . E q u i l ib r iu m  t r a j e c t o r i e s  f o r  s t a t e  v a r i a b l e s  ( n ,  Te> T^) a s  f u n c t io n s
o f  c o n t r o l  p a r a m e te r  3 ^  a t  f i x e d  ng = 0 .1  an d  ' = 1 .1  f o r  p o in t
m odel w ith  io n s  w i th o u t  ICRH. ( a )  n  v s .  F^ ,  (b )  Tg v s .  F ^  ,
( c )  T. v s .  Ej, .
1
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1 6 . E q u ilb r iu m  t r a j e c t o r i e s  f o r  s t a t e  v a r i a b l e s  ( n ,  T , Ih )  a s  f u n c t io n s  
o f  c o n t r o l  p a ra m e te r  ^  a t  f i x e d  n ^  = 0 .0 1  and  ' = 1 .5  f o r  p o in t  
m odel w i th  io n s  w i th o u t  ICRH. ( a )  n  v s , (b )  v s .  , (c )
Ti  v s - p/*  •
17- Em ergence an d  d eve lopm en t o f  in d e p e n d e n t  T mode a s  t h e  c o n t r o l  
p a r a m e te r  i n c r e a s e s  b eyond  1 f o r  p o in t  m odel e q u i l i b r i a  w ith  
io n s  w i th o u t  ICRH. ( a )  1 = 0 . 9 > (b )  p '  = 1 . 0 ,  ( c )  p  ' = 1 . 1 ,
(d )  y  • = 1 . 2 .
1 8 . When e q u i l ib r iu m  s u r f a c e  h a s  o n ly  one  f o l d ,  T C and  r e v e r s e  t r a n ­
s i t i o n s  w i l l  o c c u r  f o r  p o in t  m odel w i th  io n s  w i th o u t  ICRH.
n .
1 9 . When e q u i l ib r iu m  s u r f a c e  h a s  tw o f o l d s  an d  <p '  p  1 . 1 ,  M - > T ,  T - V C, 
C T an d  T ->  M t r a n s i t i o n s  can  o c c u r  f o r  p o in t  m odel w i th  io n s  
w i th o u t  ICRH.
2 0 . When e q u i l ib r iu m  s u r f a c e  h a s  tw o f o l d s  an d  p  1 = 1 . 1 ,  M - * T ,  T —» C ,  
T M and  C M t r a n s i t i o n s  can  o c c u r  f o r  p o in t  m odel w i th  io n s  
w i th o u t  ICRH. C -*  M t r a n s i t i o n  i s  p o s s i b le  o n ly  when ‘p  ' = 1 .1  
an d  r e v e r s e  t r a n s i t i o n  i s  n o t  p o s s i b l e .
2 1 . E q u i l ib r iu m  t r a j e c t o r i e s  f o r  s t a t e  v a r i a b l e  Tg as  a  f u n c t io n  o f  con­
t r o l  p a r a m e te r  P., a t  f i x e d  v a lu e s  o f  c o n t r o l  p a r a m e te r s  n„ = 0 .0 1f u
an d  ' = 0 .  1 f o r  t h r e e  d i f f e r e n t  v a lu e s  o f  p a r a m e te r  R f o r  p o in t  
m odel w ith  io n s  w i th  ICRH.
2 2 . E q u i l ib r iu m  t r a j e c t o r i e s  f o r  s t a t e  v a r i a b l e  Tg a s  a  f u n c t io n  o f  con­
t r o l  p a r a m e te r  a t  f i x e d  v a lu e s  o f  * = 0 .6  an d  n^ = 0 .0 1  f o r  
two d i f f e r e n t  v a lu e s  o f  p a ra m e te r  R = 0 .9  and  0 .9 9  f o r  p o in t  m odel 
w i th  io n s  w i th  ICRH.
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23 . E q u i l ib r iu m  t r a j e c t o r i e s  f o r  s t a t e  v a r i a b l e  T a s  a  f u n c t io n  o fe
c o n t r o l  p a ra m e te r  P ^  a t  f i x e d  v a lu e s  o f  ^  1 ■ = 1 .1  and  n^  = 0 .0 1  
f o r  two d i f f e r e n t  v a lu e s  o f  p a r a m e te r  R = 0 .9  an d  0 .9 9  f o r  p o in t  
m odel w i th  io n s  w i th  ICRH.
2 k . E q u i l ib r iu m  t r a j e c t o r i e s  Tg v s .  P^ a t  f i x e d  ^  1 = 1 . 5  an d  n Q = 0 .0 1  
f o r  two v a lu e s  o f  R = 0 .9  an d  0 .9 9  f o r  p o in t  m odel w i th  io n s  w i th  ICRH.
2 5 . T y p ic a l  e q u i l ib r iu m  p r o f i l e s  f o r  s t a t e  v a r i a b l e s  ( n ,  T , T^) a s  fu n c ­
t i o n s  o f  c o n t r o l  p a r a m e te rs  P ^  an d  P^ a t  f i x e d  ^  ' = 0 .6  an d
n^ = 0 .0 1  when T ^ ^  Tg (R = 0 . 5 )  f o r  p o in t  m odel w i th  io n s  w ith  ICRH 
( a ) ( n ,  Tg , T ^  v s .  ^  , (b)  ( n ,  Tg , T ^  v s .  P ^
2 6 . T y p ic a l  e q u i l ib r iu m  p r o f i l e s  f o r  s t a t e  v a r a i b l e s  ( n ,  Tg , T^) a s  
f u n c t io n s  o f  c o n t r o l  p a ra m e te rs  P ^  and  P^ a t  f i x e d  ^  ' = 0 .6  an d
n^ = 0 .0 1  when T^ >  Tg (R = - 0 . 5 )  f o r  p o in t  m odel w i th  io n s  w i th  ICRH.
( a )  ( n ,  Tg , T .)  v s .  P ^  , (b )  ( n ,  Tg , T ^  v s .  P ^
2 7 . R e v e r s a l  o f  d i r e c t i o n  o f  e q u i l ib r iu m  t r a j e c t o r i e s  a t  R = - 1 / 3  f o r  
p o in t  m odel w ith  io n s  w i th  ICRH,
2 8 . T y p ic a l  t im e  e v o lu t io n  p l o t s  f o r  EBT p o in t  m odel e q u i l i b r i a  w i th  a  
s i n g l e  f o l d ,  ( a )  p o in t  m odel w i th  e l e c t r o n s  w i th  ICRH, T ^ ^  Tg ,
(b )  p o in t  m odel w i th  io n s  w i th  ICRH T . ^  T , ( c )  P o in t  m odel w i th  
e l e c t r o n  w i th o u t  ICRH.
2 9 . T y p ic a l  t im e  e v o lu t io n  p l o t s  f o r  EBT p o in t  m odel e q u i l i b r i a  w i th  m ul­
t i p l e  f o l d s ,  ( a )  p o in t  m odel w i th  io n s  w i th o u t  ICRH, ' = 1 . 5 ,
n Q = 0 .0 1 ,  (b )  p o in t  m odel w i th  io n s  w i th o u t  ICRH, ' = 1 . 1 ,  
n Q = 0 . 0 1 .
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3 0 . I n i t i a l  v a lu e  p ro b lem  f o r  p o in t  m odel e q u i l i b r i a  w i th  io n s  w ith  ICRH
a t  f i x e d  n^ = .0 1 ,  e $ / T ^  = 0 . 1  a n d  R = 0 . 9 .
3 1 . A s m a ll  ch an g e  in  i n i t i a l  s t a t e  can  d r a s t i c a l l y  change f i n a l  s t a t e .
S o l id  l i n e s  show tim e  d eve lopm en t o f  s t a t e  v a r i a b l e s  c o r re s p o n d in g
t o  f i g u r e  30 ( f ) .  D ashed l i n e s  show tim e  d ev e lo p m en t o f  s t a t e  v a r i a b l e s  
c o r re s p o n d in g  t o  f i g u r e  30 ( e ) .  ( a )  n ( t )  v s .  t ,  ( b )  Tg ( t )  v s .  t ,
 (c)_ T h ( t )  v s .  t .
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